
 

~ 105 ~ 

 
WWJMRD 2018; 4(3): 105-112 

www.wwjmrd.com 

International Journal 

Peer Reviewed Journal 

Refereed Journal 

Indexed Journal 

UGC Approved Journal 

Impact Factor MJIF: 4.25 

E-ISSN: 2454-6615 

 

Habeeb Kareem Abdulah 

Department of Mathematics, 

Faculty of Education for girls, 

University of Kufa, Najaf, Iraq 

 

Amal Khalaf Haydar 

Department of Mathematics, 

Faculty of Education for girls, 

University of Kufa, Najaf, Iraq 

 

Kawther Reyadh Obead 

Department of Mathematics, 

Faculty of Education for girls, 

University of Kufa, Najaf, Iraq 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Correspondence: 

Habeeb Kareem Abdulah 

Department of Mathematics, 

Faculty of Education for girls, 

University of Kufa, Najaf, Iraq 

 

 

Solving Of Third Order Retarded Dynamical System 

via Lambert W Function and Stability Analysis 
 

Habeeb Kareem Abdulah, Amal Khalaf Haydar, Kawther Reyadh 

Obead 

 
Abstract 
In this paper, we use the Lambert W function to derive a solution third order dynamical systems of 

retarded type. As well as we discuss analytical stability through illustrative examples. 
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1. Introduction 

The Lambert W function grows in the modeling of phenomena in numerous fields of science 

and engineering. In physics, it is used for the purpose of quantum theory, plasma physics and 

solar physics and many other applications. (See, [6], [3] [7] and [4].) 

Many researchers’ works on the Lambert W function to obtain analytical solutions of delay 

differential equations (see, [8], [3], and [2]). Also, many researchers are concerned with 

studying the stability of delay differential equations besides studying their solutions their 

(see, [1], [8], [9], [5]) the infinite branches the Lambert W function are defined in the 

following series [3] 
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Where )(ln zk are the 
thk  logarithm branch and the coefficients imC  can be expressed in 

terms of nonnegative sterling numbers of first kind. 

The principal branch (i.e., k = 0) of the Lambert W function can be represented by the 

following power series 
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Where Cz [3].  
 

Theorem (1.1) [3]. For any given Rz , the principal branch (z)W0 of the Lambert W 

function defined by 
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Have the following properties: 

1. )(0 zW  Is real and increasing if )
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2. )(0 zW Is complex valued and decreasing negative real 

part if )
1

,
2

(
e

z



 . 

3. )(0 zW  Is complex and purely imaginary parts if 

2


z . 

4. )(0 zW  Is complex valued with decreasing positive 

real part if )
2

,(


z . 

 

2. Solution of Retarded Dynamical Systems of Third 

Order and their stability  

Consider the following third order retarded dynamical 

system with constant coefficients  

)()()()()(
012

2

23

3

Ttbytyaty
dt

d
aty

dt

d
aty

dt

d


 

(2)  

With the initial delay condition  

.0)()(   t ,  -T tφty    

If we assume that 
2

12 3 ,3   aa  and
3

0 a , then 

equation (2) become    (3)  

We are concerned in finding the solution beside stability 

analysis for the equation (3) that’s a time delayT . 

Let λ  be a complex number and the solution of equation 

(3) be of the formula .)( λtety  Substituting 

λtety )(  in equation (3) gives    (4) 

 Which represents the transcendental characteristic equation 

of delay differential equation (3)? Multiplying both sides of 

equation (4) by  λTe yields 

b λTeαλ  3)(
.     (5) 

Taking the cubic root on both sides of equation (5) gives  

33)( b 

λT

 eαλ  .    (6)  

  

Since, every function )(λW  which satisfies 

  )()( WeW  can be expressed in terms of the 

Lambert W  function [2]. Then the roots of the 

characteristic equation (4) can be found by writing equation 

(6) as follows:  
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Then  
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b

Tα

e
T
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Thus, the characteristic roots of equation (4) is  

α b
αT

e
T

W
T

λ  )33
3

(
3   (9)  

It is clear that the characteristic root λ  depends on of the 

parameters bα, T ,  (in terms of 12 , aa  and 0a ). Hence, 

the stability property of DDE (3) depends on those 

parameters. We have the general solution of the delay 

differential equation (3) as follows  
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  (10)  

Since, the solution )(ty  is equal to the initial delay 

condition )(t  for  0-T,t , and then we have 

  0
])33

3
( 3[

)( -T,,     t
i

tαb
αT

 eT
iW

T eiKt 





   (11)  

Now, we find the coefficients iK  by using the function 

)(t  as follows: 

The interval  0-T,  can be partitioned into 2M parts such 

that M is a sufficiently large positive integer number.  
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Then, we find the values of the initial delay function )(tφ  

at the endpoints of the above subintervals using (11) as 

follows
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We can write the above equations in matrix form as:  
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).() () ( M KMT,YMT,φ    

Thus  

)). () (1)( MT,MT,YMK   

The coefficients iK  are given by  

.)) () (1(lim iMT,MT,YiK
M




  (12)  

  

To find the initial delay function φ(t) , we assume that

-T,  tty  0)( , then  00 -T,t, y(t)  . Then the 

equation (3) gives the following third order ODE  

00)(3)(23)(
2

2
3)(

3

3
  ,    ttyty

dt

d
ty

dt

d
ty

dt

d
  (13) 

 

We shall use the general solution of equation (13) to be the 

required initial delay function φ(t)  in  0 ,-T .  

 

3. Illustrative Examples  

Example (3.1): Consider the following third order DDE  

0  ),1()(8)(12)(
2

2
6)(

3

3
 tt ytyty

dt

d
ty

dt

d
ty

dt

d  (14) 

 

]0,1[     ),()(  ttty   

By comparison with equation (3), we have 21  , αb  

and 1T . To consider the stability margin, we consider

10  , ty(t)  then ]01[0)1( ,-t,  t-y  . 

 

Hence the equation (14) becomes the third order ODE.  

0)(8)(12)(
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2
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d
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d
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dt
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  (15)  

  

The general solution of equation (15) is given as  

teCBtAt y(t) 2)2(      (16)  

  

Assuming 1)1(0)0(   , y y   and 1)2(  y   yields 

521129119 .-,  B.A   and 0C . Hence the initial 

delay function of the equation (14) is  

]0,1[ ,2) 5211229119(  ttet. t. (t) φ  (17)  

 

The general solution of third order DDE (14) is as follows  
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Where 
i

K unknown constants and the characteristic roots 

are are given by equation (9) as 
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Case (1)  
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To find the coefficients 
i

K  we partition the interval  01,-  

into 2 subintervals as follows.  

  0] [-0.5,0.5]- 1,[1,0-    

 

Then  

 )0()0()0()0( 110011 yKyKyKφ  
 

)50()50()50()50( 110011 .yK.yK.yK.φ  

)1()1()1()1( 110011   yKyKyKφ   

 

The above system can be written matrix form as follows 

 































































1

0

1

101

101

101

)1()1()1(

)50()50()50(

)0()0()0(

)1(

)50(

)0(

K

K

K

 

yyy

.y.y.y

yyy

φ

.φ

φ -

  
































































)1(

)50(

)0(

)1()1()1(

)50()50()50(

)0()0()0(
1

101

101

101

1

0

1

φ

.φ

φ

yyy

.y.y.y

yyy

K

K

K -

 

 





































6345239

548130

0

025204703729420671202520470372942

131377282524377113137728252

111

         

1

.

. .           

i   e+. -e+..ie+.+e+.

i.-..i. +.  

 
 



 

~ 108 ~ 

World Wide Journal of Multidisciplinary Research and Development 
 



















i. - .   

i. - .  -

i. + .

8570155600

0000011201

8570155600

          

 

Therefore the solution of the equation (14) is given as  
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(          
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The characteristic roots   for the branches 

,, , ,  i 3210   are as follows:  

0.7261-   0  ;    i   

i. +.  -;   λ i 835212948471    

i. -.-;   λ- i 835212948471    

i..;   λ i 2111325183102   

i..;   λ- i 2111325183102   

i. +.-;   λ i 2659518656113    

i. -. -;   λ- i 2659518656113    

 

From the above characteristic roots we note that

    ,0)Re( , then equation (14) is stable. 
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Therefore the solution of the equation (14) is given as
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The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows:  

i. + .  -;   λ i 83711836510    

i. +.-;   λ i 369119079191    

i. - .-;   λ- i 13226964551    

i..;   λ i 5795380383112   

i..;   λ- i 814025886692   

i. +. -;   λ i 5933572066123    

i. -. -;   λ- i 9292444806113    

 

Since     ,0)Re( , then equation (14) is stable. 
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Therefore the solution of the equation (14) is given as  
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ei. + .-         

ti.- .-
ei. - .
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)1322696455(
)4647084231(

)8371183651(
)4012075031(

)36911907919(
)0064000920()(





 

The characteristic roots 
iλ  for the branches 

,, , ,  i 3210   are as follows:  

i. - . -;   λ i 83711836510    

i. + .-;   λ i 13226964551    

i. -.-;   λ- i 369119079191    

i. +.-;   λ i 814025886692   

i. -.-;   λ- i 5795380383112   

i. +. -;   λ i 9292444806113    

i. -.-;   λ- i 5933572066123   

 

From the above characteristic roots we note that

    ,0)Re( , then equation (14) is stable. 

 

Example (4.2): Consider the following third order DDE  

0   ),2(2)(27)(27)(9)(
2

2

3

3

 tt- ytyty
dt

d
ty

dt

d
ty

dt

d
   (18) 

]0,2[     ),()(  ttty   

We have -3 ,2  b  and 2T . To consider the 

stability margin, we consider 20)( -, tty   then

]02[0)2( ,-t,  t-y  . 

Therefore the equation (18) becomes the third order ODE.  

0)(27)(27)(9)(
2

2

3

3

 tyty
dt

d
ty

dt

d
ty

dt

d
  (19) 

  

The general solution of equation (19) is given as  
t eCBtAtt y 32 )()(      (20) 

  

Assuming that 1)50(0)0(  ., y y , and 2)1(  y   we 

get 7929069340 .,  B.A   and 0C . Hence the 

initial delay function of the equation (18) is  
t et.t.t 32 )7929069340()(    (21) 

  

The general solution of the third order DDE (18) by as 

follows by equation (10), we get  
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3
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Where 
i

K unknown constants and the characteristic roots 

are are given by equation (9) as 
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3
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W
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Case (1)  
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To find the coefficients 
i

K  we partition the interval  02,-  

in to subintervals as follows.  

  ]050[]501[]151[]512[02 ,,-,,--, -.-., -,-    

 

Then  

)0()0()0()0()0()0( 2211001122 yKyKyKyKyKφ  

 

)50()50()50()50()50()50( 2211001122 .yK.yK.yK.yK.yK.φ    

)1()1()1()1()1()1( 2211001122   yKyKyKyKyKφ
 

)51()51()51()51()51()51( 2211001122 .yK.yK.yK.yK.yK.φ    
)2()2()2()2()2(2( 2211001122   yKyKyKyKyK)φ   
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The above system can be written matrix form as follows:  
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i. + .-

i. + .-
i. - .-

i. + .

i. - .

0018000040

0178003310
0522003790

0325006760

0000000380

          

 

Therefore the solution of the equation (18) is given as  

 

ti. +.-
ei. + .-        

ti.+.-
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ti.-.-
ei.-.ty

)48871705904(
)0018000040(

)6316706953(
)0178003310(

)1313009203(
)0522003790(

)0951455012(
)0325006760(

)25561479263(
)0000000380()(





 

 The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows:  

i. + . ;   λ i 13130092030    

i. + .-;   λ i 63167069531    

i. - .-;   λ- i 09514550121    

i. +.-;   λ i 488717059042   

i. -.-;   λ- i 255614792632   

i. +.-;   λ i 075427659143    

i. -.-;   λ- i 892023483943    

 

From the above characteristic roots we note that 

0)Re(  for some    then the equation (18) is unstable 

[3]. 
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0.0009i + 0.0009

0.0041i - 0.0029-
0.0046i + 0.0498

0.0038i - 0.0415-

0.0025i + 0.0064-

          

  

Therefore the solution of the equation (18) is given as  

 

ti. +.-
 .e          

 i
ti.+.-

ei
t.

e

t.-
ei

ti.-.-
eity

)69802028614(

)0.0009 + 0.0009(
)98221047143(

)0.0041 - -0.0029(
)80592(

) 0.0046i +          

 0.0498(
)09622(

)0.0038 --0.0415(
)98221047143(

)0.0025 + -0.0064()(





 

 

The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows:  

805920 .  ;   λ i    
i. +.-;   λ i 982210471431    

096221 .   -;   λ- i    

i. +. -;   λ i 698020286142   
i. -.  -;   λ- i 982210471432   

i. +.-;   λ i 251330816243    
i. -.-;   λ- i 698020286143    

Since, there exists   such that  ,0)Re(   then the 

equation (18) is unstable [3] 
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0.0005i - 0.0000

0.0000i + 0.0000-
0.0017i - 0.0006

0.0022i + 0.0006-

0.0000i - 0.0000

           

 

Therefore the solution of the equation (18) is given as 

 

ti. +.-
ei          

ti.+.-
ei

ti.-.
ei          

ti.-.-
ei

ti.-.-
eity

)25561479263(
)0.0005 - 0.0000(

)0951455012(
)0.0000 + -0.0000(

)1313009203(
)0.0017 - 0.0006(

)6316706953(
)0.0022 + -0.0006(

)48871705904(
)0.0000 - 0.0000()(





 
 

 

The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows: 

i. - . ;   λ i 13130092030    

i. + . -;   λ i 09514550121    

i. - . -;   λ- i 63167069531    

i. +. -;   λ i 255614792632   

i. -.  -;   λ- i 488717059042   

i. +.  -;   λ i 892023483943    

i. -. -;   λ- i 075427659143   
 

Since, there exists   such that  ,0)Re(   then the 

equation (18) is unstable [3]. 
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