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Abstract

In this paper, the notions of cubic AT-ideals and cubic AT-subalgebras in AT-algebras are introduced
and several properties are investigated. The image and inverse image of them in AT-algebras are
defined and studied.
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1. Introduction

K. Is’eki and S. Tanaka ([5]) studied ideals and congruences of BCK-algebras. S. M.
Mostafa and et al. ([1],[9]) were introduced a new algebraic structure which is called KUS-
algebras and investigated some related properties. The concept of a fuzzy set, was introduced
by L.A. Zadeh [6]. O.G. Xi [8] applied the concept of fuzzy set to BCK-algebras and gave
some of its properties. Y. B. Jun and et al. [10] Were introduced the notion of cubic ideals in
BCK-algebras, and they discussed some related properties of it. In ([3]), Areej Tawfeeq
Hameed and et al. introduced the notion of cubic KUS-ideals of KUS-algebra and they were
studied the homomorphic image and inverse image of cubic KUS-ideals. In this paper, we
introduce the notion of cubic AT-ideals of AT-algebra and we study the homomorphic image
and inverse image of cubic AT-ideals of AT-algebra.

2. Preliminaries

In this section, we give some basic definitions and preliminaries proprieties of AT-ideals and
fuzzy AT-ideals in AT-algebra such that we include some elementary aspects that are
necessary for this paper.

Definition 2.1[2]. An AT-algebra is a nonempty set X with a constant (0) and a binary
operation (*) satisfying the following axioms: for all x, y, ze X,

(i) (Fy)*((y*2)*(x*2))=0,

(i) 0* x =x,

(iii) x* 0 =0.

In X, we can define a binary relation (<) by: x <y if and only if, y * x = 0.

Example 2.2 [2].Let X = {0, 1, 2, 3, 4} in which (*) is defined by the following table:

o|o|o|o|o|o
O|O|wWwlw|w|w
OIN(WIA|~D

OIN[(OIN|N|N

OO |O|FR |-

AW |O| %

It is easy to show that (X ;*, 0) is an AT-algebra.

~34~
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Proposition 2.3 [2]. In any AT-algebra (X ;*, 0), the
following properties holds: for all x, y, z €X;

a) z*z=0,

b) x=0 *0*x),

c) z*x*z)=0,

d) y*((y*2)*z)=0,

e) x*y=0impliesthatx * 0=y * 0,

f)  0*x=0*y implies that x=y.

Proposition 2.4[2]. In any AT-algebra (X
following properties holds: for all x, y, z €X;
a) x<yimpliesthaty * z<x *z,

b) x<yimpliesthatz * x<z *y,

c) x* y<zimplyz * y<x

d) (y *2) *(X *z) <x *y,

e) z * x <z *yimplies that x < y( left cancellation law).

Definition 2.5[2]. A nonempty subset S of an AT-algebra
(X ;*, 0)is called an AT-subalgebra of AT-algebra X if for
allx,y € S,thenxxy e S.

x
s

0), the

Definition 2.6[2]. A nonempty subset | of an AT-algebra
(X ;*, 0)is called an AT-ideal of AT-algebra X if it satisfies
the following conditions: for all x, y, z € X.

AT)0el;

ATy x * (y *z) e landy e Limplyx * ze 1.

Definition 2.7[6]. Let X be a nonempty set, a fuzzy subsetp
in X is a function

sup{u(x):xe F ()}

0  otherwise

fF()(y) ={

p: X —[0,1].

Definition 2.8[7]. Let X be a set and p be a fuzzy subset of
X, for t €[0,1], the set
p={Xx eX| w(x) > t}is called a level subset of p.

Definition 2.9[2]. Let (X ;*, 0) be an AT-algebra. A fuzzy
set pin X is called a fuzzy AT-subalgebra of X if for all x,

y € X, then p (x*y) 2 min { p (x), p ()}

Definition 2.10[2]. Let (X ;*, 0) be an AT-algebra. A fuzzy
set pin X is called a fuzzy AT-ideal of X if it satisfies the
following conditions: for all X, yand z € X,

(AT (0) 2p ().

(AT2)p (x* z) 2min { p (x*(y * 2)),u (y)}-

Definition 2.11[4]. X;*, 0) and (Y;*7°,0)
benonempty sets. The mapping f (X *,0) - (Y;*7,0)

Let

is called a homomorphism if it satisfies f (x*y) = f (x) *
T ), forall, y ex. The set {xex| T (x) = 07 is called

the kernel of f and is denoted by ker f

Definition 2.12[4]. Let | : (X:* ,0) —(Y:*'0) be a
mapping from the set X to a set Y. If pis a fuzzy subset of
X, then the fuzzy subset f(p ) in Y defined by:

if £7(y)={xe X, f(x)=y}=¢

is said to be the image of p under f.

Similarly if f is a fuzzy subset of Y, then the fuzzy subset p
= (B °f) in X, ( i.e the fuzzy subset defined by p (x) =
B(f(x)) for all x eX) is called the pre-image of Bunder f.

Theorem 2.13[2]. Let f: (X;*,0) — (Y;*7,0) be a
homomorphism of AT-algebras, then :

F) =0

(F2) If Sis an AT-subalgebra of X, then f (S) is an AT-
subalgebra in Y, where f is onto.

(Fs) If B is an AT-subalgebra in Y, then L (B)isan AT-
subalgebra in X.

(Fs) If I is an AT-ideal of X, then f (1) is an AT-ideal in
Y, where f is onto.

(Fs) If Jis an AT- ideal in Y, then T~ (J) is an AT-ideal
in X.

(Fe) T isinjective if and only if, ker T ={0}.

Now, we will recall the concept of interval-valued fuzzy
subsets.

Remark 2.14[3, 10].An interval number is @ = [a~,a*],
where 0 <a~"< a*< 1. LetI be a closed unit interval, (i.e., I
= [0, 1]). Let D[O, 1] denote the family of all closed
subintervals ofl = [0, 1], that is, D[0, 1] = { @ =
[a=,a*]la"<a*, fora",a*e I}.

Now, we define what is known as refined minimum
(briefly, rmin) of two element in D [0,1].

~ 35~

Definition 2.15[3,10]. We also define the symbols (),
(<), (®,"rmin " and "rmax " in case of two elements in
D[0, 1]. Consider two interval numbers (elements
numbers)

d=[a",a*],b=[b",b*]inD[0, 1] : Then

(1) @=bif and only if, a=>b~ and a*>b*,

(2) a<bifand only if, a"<b™ and a*<b*,

(3) a=bif and only if, a==b~ and a*=b™,

(4) rmin {d, b}= [min {a~,b~}, min {a* ,b*}],

(5) rmax {d, b}= [max {a~,b™}, max {a*,b*}],

Remark 2. 16[3,10]. It is obvious that (D[0, 1], <, V, A ) is
a complete lattice with0 = [0,0] as its least element and 1 =
[1, 1] as its greatest element. Let & €DI[0, 1] where i€A.
We definerinfic,d= [rinficpa™, rinfiepat], rsupjepd=
[rsupjeaa”, rsupjeaa™].

Definition 2.17[3,10]. An interval-valued fuzzy subset
7i,0n X is defined as

Ty ={< X [ (). (X) 2| x€ X} Where 2, (x) <z5(X),
for all x€ X. Then the ordinary fuzzy subsetsy,: X — [0,
1] and zf: X — [0, 1] are called a lower fuzzy subset and

an upper fuzzy subset of #‘Arespectively. Let i, (x) =

[, (%), () 1,
1,:X — DI[0, 1], then A = {< X, 71, (X) >| X€ X}.
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Definition 2.18([10]). Let (X ;*, 0) be a nonempty set. A
cubic set €2 inastructure €2 = {< x, fig (X),Aq (X)>| X€E
X}, which is briefly denoted by <2 =<ji,, 15>, where

fiq :X — D[0, 1],fq is an interval-valued fuzzy subset of X
and 1q:X — [0, 1],Aq is a fuzzy subset of X.

Jo-

i€EA D

i€A iEA
Definition 2.19([10]). For a family Q; = {{x, fig;(X))|x €
X3on fuzzy sets in X}where ie A and A is index set, we

Vo= (V)

ieA (S

3. Cubic AT-subalgebras of AT-algebras

In this section, we will introduce a new notion called cubic
AT-subalgebra of AT-algebras and study several properties
of it.

Definition 3.1. Let (X ;*, 0)be an AT-algebra. A cubic set
Q =<i, (X),A(X) > of X is called cubic AT-subalgebra of
Xif, forall x,y, z eX:

fig (x*2) = rmin{fig (X), Ao ()} and Ao (x*y) < max{d,
(x), 1o (V)}-

Example 3.2. Let X = {0,1,2,3} in which the operation as
in example (x) be define by the following table:

* 0 1 2 3
0 0 1 2 3
1 0 0 2 3
2 0 0 0 3
3 0 0 0 0
Then (X;*,0) is an AT-algebra. Define a cubic set Q
=<fi, 1> of X as follows:
fuzzy subset p: X— [0,1] by: fio (X) =
[0.3,0.9] if x={01}
[0.1,0.6] otherwise
{ 0.1 if x={01}
and A= 0.6 otherwise .The cubic set €

=<{i, Ao> is a cubic AT-subalgebra of X.

Proposition 3.3. Let Q =<[io, Ao> be a cubic AT-
subalgebra of AT-algebra (X ;*, 0), thenfi,, (0)={,, (x) and
Lo (0)<A4 (X), for all xeX.

Proof. For all xe X, we have

fia (0) = fip (X *X) = rmin{fi, (0%(0*X)), fip (X)}

= imine2 (0%(0*X), g 093= min {[x; (.45 (LI,
09,45 ()1}

= rmin {[; (X).4; (O}=fe (X).

Similarly, we can show that 1, (0) < max {[1o (X),A0

I} =20 (x). o

Proposition 3.4. If a cubic set Q=({ig,vo) of X is a cubic
AT-subalgebra, then
Q(x * y)=Q(x * (0 * (0 xy))), forall x,y € X.

x, (U um> . (\/ in> (ke x>]

~36~

,ﬂle

iEADp

Definition 2.19([10]). For anyQ; = {{X, fin;i(X), Vai( X)|x €
X )}where ieA,p-union and p-intresection is denoted
byUiea p €iand Niea p €;and is defined respectively by:-

{(x, (ﬂ agi> &) ( A\ vgi) (ol e x>}.

iEeA iEA

define the join (V)and meet (A) operations as follows:

(0 = supfics i € A, /\ @ = ( A\ m) (x) = inf{figy ()i € A},

ieA

iEeA

Proof.

Let X be an AT-algebra and x,y €X, then we know that
y=0%(0*y). Hence,

fo(x * y)=fia(x * (0 (0 *y))) and vo(x * y)=vo(x * (0 *
(0 *y))). Therefore

Q(x *y)= Qx * (0 * (0 *y))). 0

Theorem 3.5. Let (X ;*, 0) be an AT-algebra and A cubic
set €2 =<ji,, o> of X. A cubic set €2 of X is a cubic
AT-subalgebra of X if and only if, 4.5 and Agare cubic
AT-subalgebras of X.

Proof. If x4, and xare cubic AT-subalgebras of X. For any
X,y eX. Observe

flg (x*y) = [, O*y),u (x* y)] = [min {2, (X), 1, W}
min {z; (x), 15 (V)3

= rmin {[ &, )y K1 [y ), 5 W1} = rmin {fig
(X).la (Y)]-

Similarly, we can show that 1o (X *y) < max {[1q (X),Aq

W1}

From what was mentioned above we can conclude that <2
is a cubic AT-subalgebra of X.

Conversely, suppose that Q
X. Forall x, y eX, we have
[y (x*y), gy (X* V)] =fig (X* 2) = rmin{fig (X).fa (¥)}
= min{[; (. QL [y &), g D= [ min{,
0.5 (y) 3, min {z (X),5 (V)

Therefore, 1, (x*y) > min{z, (X),1, ()} andy;; x*y)>
min{us (.45 (V)3

Similarly, we can show that 1q (X* y)<max{lgq (X),Aq

v}

Hence, we get that 4, 1 and Aqare cubic AT-subalgebras
of X. 0

is a cubic AT-subalgebra of

Theorem 3.6. The R-intersection of any set of cubic AT-
subalgebra of X is also cubic AT-subalgebra of X.

Proof. Let Q; ={(x, fin;, (X), Vai(x))|x € X}wheri € A, be a
set of cubic AT-subalgebra of Xand x,y € X, then

(N figs) (x * y) = rinf fig;(x * y) =rinf

{rmin{pq; (%), Hai(y)}}

=rmin{rin(pg; (%)), rinf (koi(y))} =

rmin{(N fio;) (%), (N foi) () Yand

(\/ ve) G 3) = sup vy G+ ) < sup{max(ves (9, veu (1)
=max{sup(va;(x)),sup(vai(y))}= max{(V va) (x), (V vq) (y)}.0
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Which shows that R-intresection works as a cubicAT- We defined two cubic set Q;=(fiq1,vo;) and Q,
subalgebra of X. =(linz,Vqy) of X by :-
. _([0.6,0.7],ifx € {0, c}, _(0.2,ifx € {0, c},

Theorem 3.7. The R-intresection of any set of cubic AT- o1 (x) _{[0.1,0.2],0therwise, Va1 (x) _{0.6, otherwise,
subalgebra of Xis also cubic subalgebra of X. - _([0.8,0.9],ifx € {0,d},
Proof. Let Q; ={{x, {in; (%), vo;i(X))|x € X}where i € A, be a Haz (X)_{ [0.3,0.4], otherwise, and vaz()
set of cubic AT-subalgebra of Xand x,y € X, then _{0.1, ifx € {0, c},
(N fig;) (x * y) = rinf fig; (x * y) Zrinf {rmin{ue;(x), nai (1)} 0.4, otherwise.
=rmin{rinf(uq;i(x)), rinf (ue; (¥))} = Then Q, and Q, are cubic AT-subalgebra of X but R —
rmin{(N fig;) (x), (N figi) (v)}and union, p-intresection and p-union of Q,and Q, are not
(\/ in) (x*y) = sup vg; (x *y) < sup{max{vg;(x), vai(y)}} cubic AT—SubaIgebras of X.
—max{Sup (Vo (%)), 5Up (Ve (7))3= max{(V vor) (), (V vor) ()} Since(U fii)(c * d) = [0.3,0.4] £ [0.6,0.7] =

{sup(vai(x)).sup(vai(y))} {(Vva) ), (Vvad ()} rmin{(U i) (©), (U po) (@Jand (A i) (c + d) = 0.4 <
Remark 3.8. The R-union, p-intresection and p-union of 0.2 = max{(A i) (), (A i) (d) }.
any sets of cubic AT-subalgebra need not be a cubic AT- )
subalgebra, for example: Theorem 3.10. Let Qi= (fig;,ve;) be a cubic AT-subalgebra

of X, wherei € A

Example 3.9. inf{max{vo;(X),vai(X)3}} = max{inf vg;(X),infvg;(x)},for
Let X={0,a,b,c,d,e} be AT-subalgebra with the following all x € X, then thep-intresection of Q; is also a cubic one of
cayley table. X

Proof. Let Q; ={{x, fin;, (X), Vai(X))|x € X}wheri € A,be a

* 1o Ja [b Jc [d Je set of cubic AT-subalgebra of X such that
U Y g E c |d Z inf{max{ve;(X),vo;(X)}}=max{infvg;(x),inf vg;(x) }or all
a a € C
b R P R B x € X, then for x,y € X,
c c d e 0 a b
d d e c b 0 a
e e c d a b 0
(N figi) (x * y) = rinf fig; (x * y) = rinf{rmin{ug; (x), 1oi ()3}
=rmin{rinf po; (%), rinf po; (y)} = rmin{(N fig;) %), (N fig) ()}
and (Avg)(x *y) = infvg; (x *y) < inf{imax{ve;(x), vai(y)}}
=max{infvo;(x),infvg; (y) }= max{(A va) (x), (Ava) () }.
Hence, p-intresection of €; is a cubic AT-subalgebra of X. o
Theorem 3.11. Let Qi= (fig;,Vo;) be a cubic subalgebra of Proof. Let Q; ={(x, fig;(X), voi (X)) |x € X}, where i € A,be
X wherei€ A, forallx € X a sets of cubic AT-subalgebras of X such that for all x,y €
{rmin{vq;(X),vai(X)} }=rmin{rsup vg;(x), rsupvg;(x)}, then X,

thep-union of ©; is also a cubic one of X.

rsup{ rmin{ve;(X),va;i(X)}}=rmin{rsup ve;(X),rsup ve;(X)}, then
(U fig) (x * y) = rsupfi;(x * y) = rsup{rmin{fio;(x), fiai(y)}}
= rmin{rsupfig; (x), rsupfiq;(y)} = rmin {(U fin;) (%), (U fig) (v) -

(\/ var) G ) = sup vey G y) < supfmax{vey (9, veu ()}

= max{supvg;(x),supvo; (y)}= max{(V vq) ), (V va) ()},
Hence, p-union of Q; is a cubic AT-subalgebra of X. o

Hence the set U (€2; t ,§) is an AT-subalgebra of X.

Conversely, suppose that U (€2, t ,5) is an AT-

subalgebra of X and let x, y € X be such thatig, (x*

Theorem 3.12. Let (X ;*, 0) be an AT-algebra. A cubic
subset €2 =<f,, 15> of X, then <2is a cubic AT-

subalgebra of X if and only if, for all t € D[0, 1] and s €

[0, 1], !be set U~( .t ,8) is an AT-subalgebra of X, y)<rmin {fg (X),dq ()}, and A (x * y)> max {1q (X),Aq
where U (€2 U ) ={xeX|ig (0= T Ag(x)<s). W} _

Proof. Assume that ~Q =<fin, Ag>is a cubic AT- Consider B =1/2 { fio (x*y) + rmin{i, (X), do (Y)} }
subalgebra of X and let U e D[0, 1] and s € [0, 1], be such and p=1/2 { 1o (x*y) + max{Aq (x), 12 (Y)}}-

We have Z € DJ[0, 1] and B€ [0, 1], and fi, (x *y) < B

u .t
that ( ;o ,8) #0, and let x, y € X such~that X,ye <min {Gp (o () } and Ay (x*y) >p> max {Ag

U (2.t g then g, 0=, i ()3 U and Ao ()2 ()} _ N
(~X)'5 s, 4 (y) =s. By (A{)' we get It follows that x,ye Y (€2: 1 5) and (x*y)g Y (
Ao(xxy) Zmin{ Ao (X).Aq (Y)} andlg (x*y) < max {1q o T . - O
X), A0 (¥) } <s. ; - ,8). This is a contradiction and therefore

=<fin, Ao> is a cubic AT-subalgebra of X. o
~37~
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Theorem 3.13. Cubic setQ=({io,vq) is a cubic AT-
subalgebra of X if and only if, u=,,u*,and vq, are fuzzy
AT-subalgebras of X.

Proof. Let u=,, u*, and v, be fuzzy subalgebras of X and
X,Y€ X.then

W (xxy)zmin{u”y X4 Ve (x*y)= min{p®
(x),1* ¢, (Y)}and v (x * y)<max{vq (x), vo (v)}-

Now, Zo(x * y)=[u~ 5(x * y), u* ,(xy)]

2[min{p” ,(x).4~ L) Fmin{p* o (x).n* o, ()3]
=rmin{[u" (), 1" ] [0 O, 1w MIF=rmin{fig
(x),fiey (¥)}, therefore,Q is a cubic AT-subalgebra of X.
Conversely, assume that Q is a cubic AT-subalgebra of X,
for any x,y€ X,

[g (x ), 1t (xx Y=l * y) = mind{fig (%), ()}
=rmin{[u", (), 1" ] [0 O 1o M1}

=[min{p™, (), k™o, {u o ), 1o I

Thusp™, (x*y )={u" o (X), 0 o hu'g (x*xy )= n'y
(), 1% ()} and

Vo (X *y )<max{vn(x),vq(y)}, therefore,Q is a cubic AT-
subalgebra of X.

Theorem 3.14. LetQ=(fig,vo) be a cubic AT-subalgebra of
X and let ne N (the set of natural numbers ).then

(i) fio (IT'x * x ) >fin(x) for any add number n,

(if) vq (IT"x * x ) <fin(x) for any add number n,

(i) fio (I"x * x ) =fin(x) for any even number n,

(iv) vo (IT"x * x ) <fin(x) for any even number n.

Proof. Letx € X and assum that n is odd.then n=2p-1 for
some positive integer p. We prove the theorem by
induction.

Now, fig(x * x) =flo (0)=ldo(x)andvg(x * X) =vo(0)<va(x).
Suppose that

AP Xx5x)> [ o(x)andv o(TT# 1 x*x)<v (X),
assumption,

L (TT2OD D=1 (T2 50 X) = 1 o TP Lo (X (% # X))
=TI x+x)>[ () and

V (TP Ixx) = v (TT2PH X X) =v o (TP 1 (X (* X * X))

=v o(IT?2xxx)>v (X), Which proves (i)and(ii).

Proofs are similar to the cases (iii)and(iv).

The sets {XeX|i(X)= f(0)} and {xeX|v,(X)=v(0)} are
denoted byl andl, , respectively. This two sets are also
AT-subalgebras of X. o

then by

Theorem 3.15. Let Q=(fin,v) be a cubic AT-subalgebra
of X, then the sets I; , and I, , are AT-subalgebras of X.
Proof. Let X, Y€ I ,.thenfi(X)=i1(0)=il,(y)and so,

Aolx* y)>min{fn(X),Aa(y)}=fn(0) by  Proposition
(3.3),we know that

fo(x* y)=iio(0) or equivalently x+ y € I .

Again, let x, Y€ I, ,.thenv,(X)=v(0)=v(y)and so,v,(x*
¥)< max{vy(X), vo(y)}=v(0).

Again by Proposition (3.3), we know thatv ,(x* y)=v,(0)
or equivalently x+y € I, . Hence, sets I andl, are AT-
subalgebras of X. o

Theorem 3.16. Let B a nonempty subset of X and

O=(ngvo) be a cubic set of X defined by
[ [ag, ;] ifxEB _{ y,ifx €B
#Q(X)_{[ﬂl,ﬁz], otherwise and vo(x)= 5, otherwise

For all [ay, a5], [B1, B2] € D[0,1] and
[0,1]with[ay, ;] = [B1, Bzlandy < 6.

y,6 €

~38~

Then Q is a cubic AT-subalgebra of X if and only if, B an
AT-subalgebra of X. Moreover, I ,=B=Iy,.

Proof.

LetQ be a cubic AT-subalgebra of X and x, yeB, then
fo(x* y)=min{f(X),

foy)}=rmin{[a;, a;], [ay, a;1}=[a;, a;] and

V(X y)smax{vo(X),va(y)}={v, v}=v.

So x* y € B.Hence B is an AT-subalgebra of X.
Conversely, suppose that B is AT-subalgebra of X and let
X, Y €X. Consider two cases.

Case 1 If x,yeB then xxy €B,
y)=loy, az]=rmin{fig(x),fa(y)} and

Vo (x* y)=y=max{vq(X),va(y)}=max{y, v}.
Case 2 if x¢B or yegB, then [ (x*y)=[By,B2]
=rmin{fio(x).An(y)} and

Volx* y)< & =max{v(x),va(y)}-

Hence, Q is cubic AT-subalgebra of X. o

thus i (xx*

Now, I, ={x€X|io(X)=La(0)}={xeX|Ao(X)= [ay, a;]}=B
and I, ,={XEXV o(X)=v o(0)}=andl, ,={XEX|v,(X)= y}=B.

Definition 3.17. Let Q=(fin,vo)be a cubic set of X. For
[s1,52]€D[0,1]and t €[0,1],the set

Ui |[s1,52])={XeX|fo(x)>[s1,52]}is called upper[si,s2]-
Level of Q and L(vg|t)={XeX|v(x)<t}is called Lower t-
Level of Q.

Theorem 3.18. If a cubic set Q=(fig,vqo) IS a cubic AT-
subalgebra of X, then the upper

[s1,52]-Level and Lower t-Level of Q are ones of X.

Proof. Let x,ye U(f, |[s1,52]), then [io(X)>[s1,5:] and
Ao(Y)<[s1,52]. It follows that

fo(xx y)= min{iin(x), do(y)}2[sus], so that x+y € U(i,
I[s2,52]).

Hence U(fi |[s1,52]) is AT-subalgebra of X. Let xxy €
L(valt), then vo(x)<t and v(y)<t. It follows thatv o(x* y)<
max{v(X), va(y)}<t, so that xxy € L(vg|t).

Hence, L (vqlt)is subalgebra of X. o

Corollary 3.19. Let O=(fig,vo) be a cubic AT-subalgebra
of X, then

Q([s1,52];)=U (L l[51,52]) (v [) ={XEX| L o(x)=[51,52] ,V o X)
<t } is a cubic AT-subalgebra of X

The following example shows that the converse of
Corollary (3.19) is not valid

Example 3.20. Let X={0,a,b,c,d,e}be AT-algebra and
cubic set Q=(fig,vq) of X by

[0.6,0.8],if x = 0, 0.1,ifx = 0,
Ao(x)={10.5,0.6],ifx € {a,b,c}, and v(x)=10.3,ifx € {a,b,c},
[0.3,0.4],ifx € {d, e}, 0.8,ifx € {d, e},

We take [s1,52]=[0.41,0.48]and t=0.4, then
Q(}[SLSZ] D=U (@ olls1,52]) L(va ) ={XEX|Ao(x)=[s1,52],v.o(X)
<t

={a,b,c}n{0,a,b,d}={0,a,b} is AT-subalgebra of X, but
O=(fig,vo)is not a cubic AT-subalgebra since [,
(1x3)2rmin{ji(1), in(3)} and

Vo (2x4F)max{vo(2), vo(4)}-

4. Cubic AT-ideals of AT-algebras
In this section, we will introduce a new notion called cubic
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AT-ideal of AT-algebras and study several properties of it.

Definition 4.1. Let (X ;*, O)be an AT-algebra. A cubic set
€2 =<ji, (X),Aq(X)>0f X is called cubic AT-ideal of X if,

forall x,y,z eX:

(A1) fig (0) >fig (x), and Aq (0) <Aq (X)

(A2) fig (x*2) > rmin{fiq (X* (y*2)), fq (Y)}, and Aq (z*

x) <max{dg (x* (y*2)), 1o (¥)}-

Example 4.2. Let X = {0,1,2,3} in which the operation as
in example ( *) be define by the following table:

* 0 1 2 3
0 0 1 2 3
1 0 0 2 3
2 0 0 0 3
3 0 0 0 0
Then (X; *,0) is an AT-algebra. Define a cubic set Q2
=<fig, Aq> of X as follows:
fuzzy  subset . X—  [0,1]  by:  fp(x) =
[0.3,0.9] if x={01}
[0.1,0.6] otherwise

_(0.1if x € {0,1} . Q S i
and Aq { 0.6 otherwise .The cubic set Ao, 19> 18
a cubic AT-ideal of X.

Proposition4.3. Let <2 =<ji,, 1o>be a cubic AT-ideal of
an AT-algebra (X ;*, 0), if there exist a sequence{X,} in X

lim 2z, (X,) _ . _

such that n—= =[1,1], then jin(0) =1, 1].

Proof. By definition (3.1), we have [i(0) *=fin(X), for all
xeX. Thengig (0) =fio(Xn), for every positive integer n.

iy
Consider the inequality [1,1] >fig (0) = I A ()

[1,1].Hence g (0) =[1,1]. o

Theorem 4.4. Let (X ;*, 0) be an AT-algebra and A cubic
set €2 =<fi,, Ao>0f X. A cubic set €2 of X is a cubic
AT-ideal of X ifand only if, x,,.fand Aqare cubic AT-
ideals of X.

Proof.

Suppose that €2is a cubic AT-ideal of X. For all x, y, z
eX, we have

[k, (x*2), 4y (x* 2)]=fig (x* 2)=rmin{fo (X * (y*2)).Aa
v}

=rmin{ [z, (X * (yx2)),2; (x * (y*2))], [, (), 45 1}

= [min{z, (x * (y*2)),4;, (V)3 min {2 (x * (y*2)),42; (Y)}].
Therefore, 2, (x * z) > min{, (X * (y*2)),4, (y)} and

15 0% 2) = mingat (e (y * 2)), 425 ()}

Similarly, we can show that Ag (X* z)<max{Aq(X*

(y*2)).40 (V)}
Conversely, If x4, and yare cubic AT-ideals of X. For any

X, Y, Z eX. Observe

flo (X* 2) = [1, (X*2),p5 (X* 2)]

Z [min {u; (xX*(y*2)), 1, N}min {u (X* (y*2)), w1
h

=rmin {[ g, (x* (y*2)uy (x* (y*2)], [, (), 1z W1}
=rmin {{ig (X* (y*2)).fa (V)]

Similarly, we can show that 1o (X*2z) < max {[1o (X*

(y*2)).4q (13-

From what was mentioned above we can conclude that <2

~39~

is a cubic AT-ideal of X
Hence, we get that 4, #fand Agare cubic AT-ideals of X.
o

Theorem 4.5. Let { <2i|ieA} be family of cubic AT-ideals
of an AT-algebra (X ;*, 0). ThenNey 1S a cubic AT-
ideal of X.

Proof. Let {Qi liEeA} be family of cubic AT-ideals of X,
then for any x, y, z €X,

(N ) (0) =rinf ( £401 (0))3 rinf ( 04 (9) = (N a)(X)_
(Nfg(x*¥2)) = rinf (M (x*2)rinf (rmin{ i (x *
v*2), “e x)p

=rmin { rinf ( Hoi (X * (y*2)),rinf ( Ho (Y)¥=rmin £ (N fig) (X
*(y*2)).(N fex) ()}

Also,(U 2;)(0) = sup( A o (0))=sup ( Ao (x)) = (U 1) (x)

(UAatc* 2) = sup (90 (% 2)< sup (max {7 20

). * o )

= max {sup( A o (x* (y*z)).sup( A o (¥))}= max { (U 1) (x
*(y*2)), (Uda)(¥) ). o

Theorem 4.6. Let (X ;*, 0) be an AT-algebra. A cubic

subset <2 =<fig, 15> of~X, then <2is a cubic AT-ideal

of X ifand only if, for all * € D[0, 1] and s € [0, 1], the st
U ( 2. t ,5) is an AT-ideal of X, where U ( Q; t

8 ={xeXio (0% | Ao (0 <),

Proof.

Assu~me that €2 =<ji,, Ao>is a cubic AT-ideal of X and

t € D[0, 1] and s € [0, 1],be such that U ( Q T S)
( Q.

let
#@, and let x, y, z € X such that (x * (y*z)),ye U

o), then g0 ()= U, g (9> b and Aq(x
(y*2))< s, Aq (y) <s. By (A2), we get N
fic (x* 2) Zrmin {fio(x * (y*2)).Aq () } > ~ ,and
Ao (x*z) <max {Ao(x * (y*2)).dq (¥) } <.
Hence the set U ( Q ; t ,S)is anAI-ideaI of X.

Conversely, suppose that O ( €.t ,S) is an AT-ideal
of X and let X, y, z € X be such thatfig (X * z)<rmin {fo(x

(*)(;/*Z)),ﬁg )}, andlq (x*2z) > max {Ao(x* (y*2)).4q
s _
Consider # =1/2 { fio(x* 2) + rmin{fia(x * (y+2))), fa(
)} }and B=1/2 { Ao (x* 2) + max{1qg (x* (y*2))), Ao (
2 . ~
We have 2 € D[0, 1] and B€ [0, 1], and i, (x ¥ 2) < 2
<rmin {fo(X* (y*2)),iq (V)}, and Aq (x*z) >B> max
{Aa(x* (y*2)).40 (¥)}- _ _
It~follows that (x * (y*z)),ye U ( €2 t ,5), and (X * z)¢
U ( Q ; t ,8). This is a contradiction and therefore €
=<fin, Ao> is a cubic AT-ideal of X. &

Proposition4.7. If < =<{in, Ag>is a cubic AT-ideal of
AT-algebra X, then
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fo(x* (x*y) * o (), and Ao(x * (x * ¥)) < Aa(¥).
Proof. Taking z=x* yin(ATly)and using (ATs3)in (ATIs
),we

fio(x * (x * y) > rmin{fio(X*(y*(x*Y))),da(Y)

F=rmin{io (x+(x*(y*Y))).Aa(Y)}
=rmin{fia(x*(x*0)),da(y)}=rmin{fa(0),Za(Y)}=fY),
Aa(xx(x*y))< max {Ao(x*(y*(x*Y))),.Aa(¥)}
=max{Ao(x*(x*(y*y))).Aa(y) }=max{Ao(x*(x*0)),Aa(y)}
=max{2(0),.4a(y)}=2a(y)- &

_ _ rsup 2, (X)
f () (Y) =ps(y)=1 x7"m
0 otherwise
inf A,(x)
F(A)(Y) =A,(y)=1 *"w 207
1 otherwise

5. Homomorphism of Cubic AT-ideal (AT-subalgebra)
of AT-algebras

In this section, we will present some results on images and
preimages of cubicAT-ideals of AT-algebras.

Definition 5.1[3].

Let T : (X; *,0) —(Y; *',0") be a mapping from the set X
toasetY.If <2 =<{ig, Ag>is a cubic subset of X, then the
cubic subset p =<fig, Ag>0f Y defined by:

if f7(y)={xeX,f(x)=y}=¢

if f7(y)={xeX,f(x)=y}=¢

is said to be the image of <2 under T .

Similarly if B =<fg, Ag>is a cubic subset of Y, then the
cubic subset €2 = (B ° ) in X (i.e the cubic subset
defined by fig () = fig (1 (0), Ag 00 =25 (T (0) for
all x eX) is called the preimage of Bunder f ).

Theorem 5.2. An onto homomorphic preimage of cubic
AT-subalgebra is also cubic AT-subalgebra.

Proof. Let T: (X;*,00 —(Y;*'0) be onto
homomorphism from an AT-algebra X into an AT-algebra
Y.

If B =<fig, Ag>is a cubic AT-subalgebra of Y and Q2
=<fi, 1> the preimage of B under f » then i, (X) = fig (
P 002 2000225 (T (0), forall x ex.

Let x €X, then

@) = (T )25 (T () = fia (9, and (A0)(0) =

2 (T op=as (7 09y =20 0.

Now, let x, y € X, then

o (x*y) = g T e ypy=min G T 00 (7 o) 3
= rmin {ii (X).fq (¥)}, and

o (x*y) = 20 T ey < max 25 (T 0 (7 o)
= max {An ().Aq )}. 0

Definition 5.3. Let f s (X;*,0) —(Y; *',0") be a mapping
fromaset X intoasetY.
€2 =<fio, An>is a cubic subset of X has sup and inf

ﬁﬂ (0)= rsup :ZIQ v= ﬁg (0)

tef (0"

A= inf 2 a(t) = 4a(0)< Ay (X) _nf a0 = 25()

() 2,005 2, (0)

properties if for any subset T of X, there existt, s € T such

u, (t)= rsup zu, (t =i
thatyg() teTIO#Q() andﬂg(s) |Srl1T‘/IQ(s).

Theorem 54. Let T : (X;*,0) —(Y;*'0) be a
homomorphism from an AT-algebra X into an AT-algebra

Y. For every cubic AT-subalgebra €2 =<{iq, 1> of X,

then T ( Q2 ) is a cubic AT-subalgebra of Y.
Proof. By definition
1Y) =T (1) (y')= rsup s, (X)

tef 2(y) and
2,0 =F )y = inf 2,00

€Y and
rsup(@) = [0, 0] and inf (@) = 0. We have prove that
fio (X*Y) =rmin {dg (X), fo (V' )} and 1q (X' *y)<
max{1q (X"), Ao (y')}, forall X', y' € Y.
Let T : (X; *,0) —(Y;*"'0" be a homomorphism of AT-
algebras,

€2 =<fio, Ao> is a cubic AT-subalgebra of X has sup and
inf properties and

for all y'

B =<iig, Ag>the image of Q =<[iq, Ag> under f

Since <2 =<{in, Ao> is a cubic AT-subalgebra of X, we
have (fig)(0)=fq (X), and (A0)(0)<Aq (X), for all x €X.

Note that, 0 € f (0) where 0,0" are the zero of X and Y,
respectively. Thus

rSUp i (1)= 7, (X)

=i (9= <1709

, for all x X, which implies that # A(0) =

,forall X' €Y.

Forany X, y' €Y, let xoef =1 (x') and yo€ f 1 (y") be such that

Ho (%)= 1sup 1o (t) 71, (y,)= rsup f,(t)

tef (x)

~ 40~

tef 1y and
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- ~ i rsup g, (X, *y,) = Fsup ti(t
e, (Xo * Vo) _ /Uﬁ{f (X * Yo)} _Hp (xX'*y") (XO*ZO)EriF()X-*y-)ﬂQ( 0 *%o) tef’l(xgy')ﬂg( ) Also,
//LQ(XO): "If ) ig(t) A Q(yo): "If . A Q(t)
tef1(x) ’ tef(y") and
A * =1 {f * = ey = inf A (X * ¥o)
Q(XO yO)_ ,6{ (XO yo)} _/ftﬁ{f (X*y )} (Xo*Yg)e f L (x'*y")
= inf A,
tefl*l(X'*Z') Q( ) . Then
B tef T (x'*y") - He( Xy * Yo =rmin { M Q (%), H Q (yo)},
rsup z,(t)  rsup z,(t) ~ N = g
= rmin{ tef1(x) ’ tef1(y") } = rmin { Hp (x") , Mg (v") Jand
A p(Xxy") = teflfp(i'*y')lgg(t) =, (X*y")
inf A4 ,(t inf
< max { A Q(XO) , A Q(yo) 3 = max { tef1(x") Q( ) ’ telfnl(y')ﬂ o(0) }

Hence, f is a cubic AT-subalgebra of Y. o

Theorem 5.5.

Let Q=(fi,vo) be a cubic set of X such that the sets U(f,,
I[s1,52]) and L(vq|t) are AT-subalgebras of X for every
[s1,52]€D[0,1]and t €[0,1], then Q=(fiy,vq) is a cubic AT-
subalgebra of X.

Proof.

LetU(fi |[s1,52])and L(vg|t) are AT-subalgebras of X, for
every [s1,52]€D[0,1]

and t €[0,1]. on the contrary, let x, y, € X be such that
fio(xo,¥0) < rmin{fio(Xe ), Aal(yo)}-

Letio(xo) =[01,62] and Aa(Yo) =[03,04]
Fa(Xo,Yo)=[s1,52]-
Then[s1,s2]<rmin{=[01,0,],[03,04]}=[mMin{61,6.},Min{63,04}
]. So,s1<min{61,063 }and

S2<{62,04}. Let us cosider,

[pupal=  Zlfa(xo *yo)+  Min{in(xo), Aa(ye)}]
~[[s1, 5] + [min{0), 65}, min{6, 6,}]]

=[2 (s, + min{6;, 6,)) 5 (s, + min{6, 6,})|.
Therefore, min{ 6, 6;}>p1== (s, + min{6,, 6;})>s,and

and

Min{6,, 6,3>pz=> (s + min{6,, 6,3)>s,.

Hence [min{0;, 05}, min{0,, 0,}]>[p1,p2]>[s1,5,], SO that
(X0 * Vo) & U(fi |[51,521) which is a contradiction since

Aa(%0)=6y, 92]>[min{_91' 65}, min{ 6, 6,}]> [p1.p2]
andiio(yo )=[6,, 6:]>[min{ 6, 6:}, min{6,, 6,3]>  [p1.p2]
this implies

(X0 *¥0) €Ul l[s1,82]).  Thus  fip(xxy) =
rmin{fi(x),fia(y)}, for allx,y € X.

Again, Let Xo,Yo € Xsuch that

V(Xg, Yo)>max{v,(Xo), va(yo )} Let v(xo)=ns,
V(Yo )=n2and vo(x, * ¥o) = t. Then t>max{ni,n2}.
Let us consider,t;= %[VQ(XO * yo)+ max{vo(Xo ), v(vo ) -

We get that t1=§ (t; + max{n,, 7,}), therefore,

n1<t1=§ (t, + max{n,, 7,<t n2<t1==% (t+
max{nl, 772})<t, hence, max{ » 772}<t1<t =v(Xg * Vg)- SO
that x, * y, & L(vg|t) which is a contradiction since

va(xo) n=max{7,, 7,}<tt  and  v(yp)=n, <
max{nl, 772}<t1, this implies x, y, € L(vq|t)

and

~41~

this implies v o(x* y)< max{v(X), vo(y)}, for all x,y € X.
a

Theorem 5.6. Any AT-subalgebra of X can be realized as
both the upper[si,s2]-Level and Lower t-Level of some
cubic AT-subalgebra of X.

Proof. Let P be a cubic AT-subalgebra of X and  be cubic
set on X defined by

Let P be a cubic AT-subalgebra of X and Q be cubic set on
X defined by

o (lag, az]ifxE P _{ B,ifxe P
MQ(X)_{[O,O], otherwise and vo ()= 1, othrwise

For all[a,y, a,] € D[0,1]andB € [0,1], we consider the
following cases:

Case 1) if x, ye P, then jio(x )=[ay, a,],vo(X)=8 and
ﬁ[)(y):[ali aZ] IV_Q(y)::g'

Thus, i o(x* y

)=lay, azl=rmin{[ay, a,], [a1, a;1}=rmin{fo(x).Aa(y)}

and

vo(x+ y) =p=max[By, B]=max{vo(x), va(y)}.

Case 2 )if x € Pand y¢ P,then fig(x )=[a;, &, ], vo(X)=p and
ﬁQ(y):[O'O]IVQ(y):l'

Thus fio(x*y
)=[0,0]=rmin{[ay, a,], [0,0]}=rmin{fin(x),fia(y) }andvq (x
y) <1 =max[B;, 1]=max{vq(X), vo(y)}-

Caseld) if x¢ P and y€ P,thenji(x) = [0,0], v(x)=1and
ﬁ!)(y):[al' aZ]lV_Q(y): .B

Thus, Bi(xx y)=[0,0]>rmin{[0,0], [, @, ]}
=rmin{fio(X).Ao(y)}and

Vo(x+ ) <1+ =max[1, B; ]=max{v,(x), vo(y)}.

Cased) x¢ Py ¢ Pand y,thenjio(x) = [0,0], vp(x)=1and
ﬁ.Q(y):[O!O]lVQ(y)Z 1

Now, i o(x* y)=[0,0]=rmin{[0,0], [0,0]}
=rmin{fio(X).Ao(y)}  and vo(x+ y)
max{vo(X), vo(y)}-

Therefore,Q is a cubic AT-subalgebra of X.o

<1 =max[1,1]=

Theorem 5.7. An onto homomorphic preimage of cubic
AT-ideal is also cubic AT-ideal.

Proof.

Let T:(X;*,0) >(Y;*"0) be onto homomorphism from
an AT-algebra X into an AT-algebra Y.
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If B =<fig, Ag>is a cubic AT-ideal of Y and <2 =<,
Ao>the preimage of B under f  then i (X) = fig ( f (X)),
A (X) =g ( f (x)), for all x eX. Letx €X, then

1)) =1 (T )= (T 00) = 10 09, and (2)(0) =

2 (T opeag (7 0)=20 0.
Now, let X, y, z € X, then

fo x*2) = g (T x* 2)mrmin {5 (T o (*2)).55
P o3

=rmin {7i(x * (y*2)).i ()}, and

Ao x*2) = 45 (T 2% %)= max (25 (T cx (2.2 (

O
= max {Ao(<* (y<2)). g ()} o

Definition 5.8.Let T : (X;*,0) —(Y;*"0") be a mapping
from a set X into aset Y. <2 =<fiqn, Ao>is a cubic subset
of X has sup and inf properties if for any subset T of X,

He, (1) = rsup He, (1)

there exist t, s € T such that and

A o(s)=Inf A (s)

Theorem 5.9. Let f (X;*.,0) —(Y;*'0) be a
homomorphism from an AT-algebra X into an AT-algebra
Y. For every cubic AT-ideal € =<{iq, Ag>of X, then f (
Q2 ) is a cubic AT-ideal of Y.
Proof. By
15 (y) =T (1s)(y') = rsup 1, (X)
tef(y)

25(0)=F(A)(y)= inf 24(x)
tef = (y") forally' e Y and

rsup(@) = [0, 0] and inf (@) = 0. We have prove that

fio (X' *Z') Zrmin {fqg (X' * (y*2Y), o (y' )}, and

Ao (X' * zN<max{dg (X' * (y*2"), 1o (y')}, forall X', y', Z'
EeY.

Let T :(X;%*,0) >(Y;*"'0) be a homomorphism of AT-
algebras, 2 =<[in, Ao> is a cubic AT-idealof X has sup
and inf properties and  =<fg, Ag>the image of €2 =<ji,,
f

definition

and

Ag>under
Since <2 =<fio, Ao> is a cubic AT-ideal of X, we
have(ii)(0) =i, (X), and (1,)(0)<A,, (x), for all x €X.

Note that, 0 € f - (0" where 0,0' are the zero of X and Y,
respectively. Thus

/—7,3 0)= rfsjfzg) ﬁQ t)= ﬁQ 0
rsup :ZzQ ()= ;’ﬁ (x)

tef 1(x)
A 50)=inf 2 ,(t) =2,(0)< A, (X)
tef (0" -

Zilo(X) =

inf A,0)=

te f 1(x")

A (X") L
, for all x €X, which implies

that “r) » Ao O gng A (005400

forall X' €Y.
For any X, V', z' € Y, let X€f~1(X), YoEf1(y), and
20€Ef ~1(z")be such that

, an

~4h)~

ﬁQ(Xo *(yo*zo): rsup ;‘Q(t)
tef 2 (xx(y™2)) )
ﬁg(yo)z rsup ﬁg(t)
tef2(y) and
ﬁQ(XO*ZO) ﬁﬂ{f(x()*zo)} =
— = rsup gy (X *2Z)
K (X'*2Z") (Xo*2zg)ef H(x'*2)) aree

rsup zz,(t)

tef = (x*2z) . Also,

/19()(0 *(yo*zo))z 71in,f o /’LQ(t)
te f = (x"*(y"*2z") ,
A Q(yo): Il’]lf : A Q(t)
tef 1 (y")

and
A Q(XO * Zo):ﬂvﬁ{f (Xo * Zo)}
=, LF (X*2")}
= A * 7

(xo*z0)e T (x*2") (%o * Z)
= inf A,

te Oy . Then
— o rsup g,(t) ~
Hy (X*Z") tef’l(xgz')ﬂg() - :‘UQ(XO * Zo)

s=rmin { Ha (Xo * (Yo * 20)), Ha (Yo)},

rsup () rsup g, (t)
= rming t€F O (y2)) ety }
ming Ao OFOYZY) s (V)

A H(X'*2') = tef[[l(f('*zl)lQQ(t)
RO

< max { A oz * (Yo *20)) | A o(Yo) )

= max { tef*l(lg;r(y-*z.))/l o(t) | telfrjlf(y')ﬂ o)

Hence, B is a cubic AT-ideal of Y. o

6. Cartesain product of cubic AT-ideals
In the section, we will provide some definition on Cartesain
product of cubic AT-ideals in AT-algebras.

Definition 6.1[10]. Let 2,=(fip1,A01)and2,=(fp2A02)
be two cubic subsets of AT-algebras X; and
Xarespectively.Cartesian product of cubic subsets £2,and<2,
is denoted by, X 2=(fn1x02 Ao1xo2) and is defined
as, for all (x,y)EX1xXy:

Roixo2(XY) = rmin {fo1(X).A02(V)} Ao 1xa2(XY) = max
{121(X),402(Y)}-

Remark 6.2. Let X and Y be AT-algebras. We defined *
on XXY by(x,y)*(uv) = (xxu, y=xv) for every
X¥),(u,v)eXxY. Clearly (XxY, # (0,0)) is an AT-algebra.

Definition 6.3. A cubic subset, x Q,=
(Ho1xo2 Ao1xoz2) 0F X1xXais called a cubic AT-ideal of
X1x Xz if, for all (X1,y1),(X2,Y2),(X3,Y3)EX1%X2:
(Din1x022(00)= doixo2 (XY) andA;1x02(0,0
Ao1x22(X.Y)

)<
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(D o1x02((X1, Y1)*(X3,Y3)) =

rmin{o1x02((X1, Y1) *((X2, ¥2)*(X3,¥3)))s
Eo1x02(X2,y2)},and

Ao1x2((X1, y1)*(X3, y3))SMax{do1x02((X1, Y1) * (X2, y2)*
(X3, ¥3)) Ao 1xe2(X2, ¥2)}-

Theorem 6.4. LetQ,=(finq,Anq1)and2,=(fi,, Ao, )be
twocubic AT-ideals of AT-algebras XiandX,,respectively.
Then2, X 2,=(fip1x02 Aoixaz) IS acubic AT-ideal of
AT-algebra X;xX5,

Proof. For any (X,y)€ X1xXa,

Zo1xaz (0,0)=rmin { fio1(0),40, (0)}= rmin{ do1(X).fao2(Y) }
= fo1x02(XY)

101x02(0,0) = max {151(0),102(0)}< max {101(X),A02(Y)}
=Aoxa2(%Y)

For any(le yl)l(XZI yZ)r(X3' y3)e XlxXz!

Boxo2(x1 * x5, y1 * y3)=rmin{fio1 (X1 * X3), fo2 (V1 * ¥3)},
zrmin{rmin{fio1(x; * (X2 * X3)). o1 (X2)rmin{do2 (v, * (2 *
Ya)ilio2(v2)}}

=rmin{rmin{@o; (%1 * (X2 * X3)) o221 * (V2 * ¥3))}
rmin{{fio,(x2).02(v2)}

=min{o1x02((X1 * (X2 * X3)),(y1 * (V2 * ¥3)))
VIo1x02(X2,¥2)}

Fmin{fio1x02 (X1, y1) * (X2, ¥2) * (X3, ¥3))s lo1xez (X2, ¥2)}
Ao1x02(X1 * X3, Y1 * ¥3)= Max{do1 (X1 * X3),402(y1 * ¥3)}

< max{max{do1(x; * (X2 * X3))do1(x2)}max{Ao,(y; * (2 *
y3)ita2(v2)}}

=max{max{Ao1(X; * (Xz * X3)), 22(¥1 * (V2 * ¥3)),
max{d¢1(x2)Aq2(vy2)}}

=max{Ao1x02((X1 * (X2 * X3)), (y1 * (2 *

Y3 do1xo2(X2,¥2)}

<max{Aoixo2 &, y1) * (X2, ¥2) * (X3,¥3)) Ao1x2(X2, ¥2)}
Hence,2; X 2,=(fip1x02 Ao1xo2) iS cubic AT-ideal of AT-
algebra Xi1xXz. o

Theorem 6.5. IfQ2; X 2,=(fin1x02, Lo1xa2)iS a cubic

AT-ideal of AT- algebra XixX; and if (x;,1)< (X2,¥2),
we have (fo1x02 (X1, Y1) < Aoixez (X2, ¥2))and
Ao1xa2(X2,¥2) = Ag1xa2(X1, y1).for

all(x4,y1),(x2,¥2) € X1 X X,.

Proof: Let(x4,y1),(X,,¥2) € X; X X,such that

(x1,y1) < (X2,¥2) = (X2, ¥2) * (X1, y1)=(0,0).This
together with

(0,0)%(xq, y1)=(x1, y1)=and fio1x02 (X2, ¥2) < Ao1xa2 (0,0).
Also, Ap1x02(X2,¥2) = An1x02(0,0). Consider
Fo1x02((0,0) * (x4, y1))=Ho1x02(X1, Y1)

7 {l01x02((0,0) * ((X2,¥2) * (X1, Y1) flo1xe2 (X2, ¥2)}
rmin {0 1x22((0,0)%(0,0)),Z0 1x02 (X2, ¥2)}
rMin{fi1x02(0,0),01x02(X2,¥2)}

=o1x02(X2,Y2)

101x022((0,0),(x1,¥1)) = Ao1x02(X1, Y1)
<{101x02((0,0)*(x2,y2)*(X1, Y1))), Ao1x02(X2, ¥2)}
=max {151x22((0,0)#(0,0)),401x02 (X2, ¥2)}
=max{1o1x02(0,0),.401x02 (X2, y2)}

=Ao1x02(X2,¥2)

This  shows that {dn1x02(X2,¥2) < Bo1xe2(X1, Y1)
and Ao 1x02(X2,¥2) = Ao1x02(X1, y1), for
all (x1,y1),(X2,¥2) € X1 X X3. O

Theorem 6.6. IfQ2; X Q2,=(fip1x02 Ao1xa2)iS a cubic
AT-ideal of AT- algebra X; x X,.

If(x1,¥1) * (X5,¥2) < (X3,y3)holdsX; X X,, then we have
ﬁgdugz(xz;J’z) ZMin{lio1x02 (X1, Y1), Bo1x02(X3,¥3)}
an

Ao1x02(X2,¥2) € max{do1x02(X1, Y1), Ao1xe2 (X3, ¥3)}

for all (leY1)v(szYZ)v(X3IY3)E Xl X XZ'
Proof Let (x1,¥1),(X2,¥2),(X3,¥3)E X1 X X, and

let(xy, y1) * (X2,¥2) < (X3,y3)  holds in  X; X X5,

then(xs,y3)*( (x1,y1)* (X2,y2)) = (0,0).
Now for any (0,0)= (x3,y3) and from (2)

Fo1xo2((X3,y3)*¥(X2,¥2)) ZrmMind{ o 102 (X3,¥3)*( (X1,y1)*(X2,y2))lo1xe2 (X1, Y1) b
Ao1xa2((X3,¥3)*(X2,¥2)) o 1x02 ((0,0) #(X2,¥2))=Ao1x02(X2,Y2)
Zmin{fio1x02(X1,y1)* (X2,¥2))Be1x02 X1.¥1) }
Zrmin{rmin{fio1x02 ((X1,y1)*( (X3,¥3)*(X2,¥2)))Bo1x02 X3, Y3) hilo1xo2 X1, ¥1)}
=rmin{rmin{f1x02 (X3, y3)*( (X2, ¥2)*(X1,y1))) 0 1x02 (X3, Y3) hilo1xo2 (X1, 1)}
=rmin{rmin{{;1x2((0,0), o1x02 (X3, ¥3) hillo1xo2 (X1, Y1)}
=mMin{lo1x02(X3, Y3) hilo1xez (X1, Y1)}
=Min{lo1x02(X1, Y1), 20 1x02(X3,y3)} and from(2)
Ao1x02((X3,¥3) X2,Y2))< Max{Ao1x02((X3,¥3)*( (X1,y1)* (X2.¥2))) d01x02 (X1, ¥1) },
We have, 15 1x02 ((0,0) {X2,¥2))=A01x02(X2,Y2)
<max{do1x02((X1,y1)* (X2,¥2)) Ao 1x02 X1,y1) }
< max{max {Ao1x02 ((X1,y1)*( (X2,¥2)*(X3,¥3)): Ao 1x02 (X3, Y1) h Ao 1xe2 (X1, y1)}
=max{max {1o1x 02 (X3, y3)*( (X2, ¥2)*(X1,¥1)) Ao 1x02 (X3, ¥3) hlo1xe2 (X1, y1) }
=max{max {1,1x2((0,0), Ao1x02(X3,¥3) 1 Ao 1xe2 (X1, Y1)}

=max{o1x02(X3,¥3)1 o 1x02 (X1, y1)}
=max{Adn1x02 (X1, V1) o1x0z2 (X3, V3)}. This completes the proof. o

Definition 6.7. Let(2; X €,= {{ip1x02: 01x02} IS & cubic
AT-ideal of AT-algebra XixXand for any ¢ € D[0,1] and
s€ [0,1] the set

U2 X 2,58, 5)={(X.Y)E X1 X Xz fln1x02(X.Y) %
t,Ao1xa2(X.Y)< s}, is called the cubic level set of(2, x
2= (fo1x02 Ao1xaz)-

Theorem 6.8. Let2, X 2, = {fin1x02:401x02} IS @ cubic
subset of AT-algebra X; xX,, then @ x0Q, =
{fo1x02: 01x02} 1S @ cubic AT-ideal of AT-algebra
X1xX; if and only if, for any £ € D[0,1] andse [0,1] the set
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U(2, X £2,;t,s) is either empty or a AT-ideal of X1xX.
Proof: Let®, X 2, = {figi1x02.1o1x02} IS @ cubic AT-
ideal of AT- algebra XixX,, for any £ € D[0,1] and s€
[0,1]define the set

U2 x 258, 5)={(XY)€ X1 X X3 lp1x02(XY) =
t,An1x02(X,y)< s}.Since

U2, x 2,;t,s) = 0, let (xy) € U(2 x £2,;E,5) implies
Roixoz (XY) = ? andAo1x02(XY)< 5. S0 doixe2 (0,0) =
Roixoz (XY) =t

= foixez  (0,0) * £401x02(0,0)< Ag1x02(XY)S s =
Ao1x02(0,0)< s,This shows that (0,0) EU(£2; X ,;%,5).
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Let  (x1,y1)*((X2,¥2)*(X3,y3)) EU(2 X ;8,5 ) and
(X2,y2) EU(2, X £2,;E,s), this implies
Fo1xe2((X1,y1)*(X2, ¥2)*(X3,¥3))) = Elloixaz (X2.¥2) = £,
Loixa2((x1,y1)*(X2, ¥2)*(X3,¥3))) <Sloixaz (X2.¥2) <S.
Boixa2((X1,y1)*(X3,y3)) ZMin{io1x02 _
((1,y1)*((%2, y2)*(X3, Y3) Dl 1x 02 (X2,y2) = rmin{E, t}=E
Ao1x02((X1,y1)*(X3,¥3)) SMaXdo1xoo2

(1Y) *((x2, ¥2)*(X3,¥3)))sllo1x02 (X2,y2)}
<max {s,s} =s

This implied that (x;,y1)*(X3,y3) €U X £2,;t,s ).
hence,U(£2; X €2,;,s ) is an AT-ideal of X; X X,.
Conversely, suppose U(£2, X £2,;%,s )is an AT-ideal of
X, X X,, for anyt € D[0,1]

And s€ [0,1]. Assume (x,,y;) € X; X X,, such that

Boixoz (00)<foixez X1.¥1)do1x02(0,0)> Ao1x02
(X11YI)1'

PUtfozg {ioixoz (00)+idoi1x02 X1y} Aoixe:
(010)1< t. < foixoz X1Y1),

s:= 2 {Aa1x02 (00)+01x02 (X1.71)}= da1x02 (0.0)>
t, > Ao1xoz (X1,y1)-This implies (x1,y,) €U X 2,;t,s
) but (0,0)¢U(£2, X €2,;t,s ),which is contradiction.

Therefore fo1x02 (0,0)% doixez (X)) andAo1x02(0,0)<
AQlX.QZ(Xiy)lfor a“ (va))e Xl X XZ'Assum(XllY1)l(XZIYZ)l
(x3,¥3)€ X; X X, such that

Bo1xo2((X1.y1)*(X3,¥3)) <rmin{Adgo1x02

((x1,y1)*((X2, ¥2)*(X3,¥3)) ) llo1xe2 (X2,¥2)}
Le'[foziﬁgu.oz (%1, y1)*(%3,¥3)) +Mi{ i 1x02((%1.y1)

#((X2,¥2)*(X3,¥3))) Bo1xe2(X2,y2) 1}
ThenTig1x02((X1,y1)*(X3,¥3)) <

to <rmin{iio1x02((%1,y1)* (X2, ¥2)*(X3, ¥3))),

Bo1xaz (X2,y2)}- Also

Aaixaz

((x1,y1)*(X3,¥3)) >Max{Ao1x02((X1,y1)*((X2, y2)*(
X3,¥3))) A o1x02(X2,y2)}-

Let SOZ%

{Aa1xa2 (X1, y1)*(X3,¥3)) +max{Ao1xa2((x1,y1)*((

X2, ¥2)*(X3,¥3))),

Aaixnz (X2,y2)}} Then

Loixaz (X1, y1)*(X3,y3)) >

So >Max{Ag1x02((X1,y1)*((X2, ¥2)*(X3,¥3))),

Ao1xaz (x2,¥2)}-

This show that(x,,y1)*((X2, ¥2)*(X3,¥3)) €U X ;s
)1(X2' YZ)EU(QI X QZ; Els )

But (xq,y1)*(X3,y3) U2 X ;E,s ) which is a
contradiction,therefore

Boixaz2

((x1,y1)*(x3,¥3)) ZMin{lo1x02((X1,y1)* (X2, y2)*(
X3,¥3))flo1xaz (X2.¥2)}-

Similarly,

Aaixaz (X1, y1)*(X3,¥3)) <Max{Ao1x02((X1,y1)*((X2, y2
)*¥(X3,¥3))) Ao 1xoz (X2,¥2)}-

Hence 2, X 2, = {fip1x02. o1x02} 1S @ cubic AT-ideal
of AT-algebraX; x X,. o
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