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Abstract

Some aspects of the use and justification of the finite element method, which is most widely used at
present for the machine solution of many of the most important problems of mathematical physics,
are considered. The method will be formulated in its simplest version using the example of a one-
dimensional problem; here, the connection with the classical Rayleigh-Ritz method will be shown.
Next, some existing generalizations of the method to the case of boundary value problems in more
complex domains will be shown.
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Introduction
Let there be an area ), limited to some surface of revolution S and two flat sections S0

and S,, perpendicular to the axis of rotation (Fig. 1), occupied by a perfectly elastic
homogeneous and isotropic medium (elastic rod of variable cross section). Assume that the
section S, tightly pinched, S, free of effort. Axis of rotation compatible with axis OX
Cartesian system with a beginning in the left section. We also assume that mass forces with
density F = F(X), parallel to the axis of rotation. It is required to determine the

displacements of all points of the considered region.
We will assume that this problem can be solved as one-dimensional, i.e. that all

characteristics of the stress and strain state depend only on the coordinate X', Denote by
du

U =U(X) moving points of the bar, g=d— longitudinal strain, o = G(X) normal
X

stress in sections perpendicular to the axis OX , S(X) areas of these sections, where E -

Young's modulus.
The total gain P in any cross section is

P=P(x)=5-5()=E-5(x)- @

The differential equilibrium equation has the form

0550082 ) FOLSU) g @)

d(x) dx E

The nature of the fixing of the edges of the rod allows you to determine the type of boundary
conditions

Ul ,=0; (E-S(x)-%—gj =0 (3)

X=2

~g)~



World Wide Journal of Multidisciplinary Research and Development

Thus, the stated mechanical problem was reduced to a the original problem, we apply the following technique.
boundary value problem. For an approximate solution of Mentally cut the rod into sections
L - :
X =X, =const; X, =—-K, Kk =1,2,....., N and suppose that within each section (element)
n
X1 S X=X, k=12,...,n, X, = 0,moving U =U (X) with sufficient accuracy can be
approximated by a linear function
U¥(x)=ak +al-x; X4 < X< X,

Instead of the odds ag ) alk introduce displacement values U K = U (Xk ) ends of the plots, which will be the main unknowns. Obviously

U, =as+a -x,; U, =al+a x

Where from
1 U, -x —-U,-X
k . k k-1 " Rk k Akt
Q =—'(Uk_Uk—l)' a, =
X = X¢a X =X
L. k*(t)
Thus, within plot (element)
1
k
U( )(X):h_[ukfl(xk _X)+Uk(xk _Xk—l)] (4)

k

hk = X — X1
Travel Continuity Conditions U ) when passing from site of the function U (X) on the whole segment 0 < x < |

to site, it leads to the following approximate representation

U()~U, (0= 20,0, ()

1

h—(x — X ) Xy SXEX,
k
1

@(X): h_(Xk - X)1 X SX= Xy (5)

k

0, X & [Xk—l’ Xk+1]

Substituting (4) into (1), finding the surface forces at the equilibrium conditions for all the forces applied to the

ends of the sections, distributing the mass forces
appropriately between the two ends (for example, consider

that to each end of the section [XH, Xk] a force equal to
half the resultant mass forces is applied) and making up the

cross-section X, = CONSt, let's get to the system n
equations for N unknown

Xis1
U, Uy )+ (U U, )+ S [SRF(R)x=0 ©)
hk hk+l 2 X
k-1
U, =0, S,,,=0

This is the idea of the finite element method in its original approximations (5), the functions of one variable were used
formulation; sections into which the rod is divided in piecewise linear approximations of functions of several
combination with the law of distribution of the desired variables [1].
displacement field in these sections are called finite It is not difficult to show that the system of the Ritz method
elements. Similarly, finite elements were constructed [1] using coordinate functions of the form (5) coincides with
for two-dimensional and three-dimensional problems; in the system (6) in this problem. In fact, problem (2) and (3)
contrast to the case considered, the one-dimensional region is equivalent to the problem of minimum functional

consists in the fact that instead of dividing the one-
dimensional region into segments, we used the division of
flat regions into triangles or quadrangles, spatial regions
into tetrahedral or parallelepipeds, and instead of

~g3~
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J(u)=%jEs(x)(‘;_‘-x’jzdx_}s(x)F(xp (x)dx

Too many functions Hl(O, L); satisfying the condition

U (0) =0 and quadratic ally summable together with their

first-order derivatives.
Considering functional (7) as a function in infinite-

d_Ud_Sd _Is
dx dx

%TES(

Decision U equation (8) is sought in the form (5).
Substituting in (8) alternately 19:gok we arrive at the

js

dQ’k ) d(pl dx

Zu J'ES

de

F(x)e; (x)ax

(7)

dimensional space Hl(O, L), we write the necessary

condition for the minimum of this function in the form of
its differential being equal to zero

deH'O,L)

)

following linear algebraic system with respect to U,

©)

le. @, # 0 only on the segment [XH, Xk] and Px on the segment [kal, Xk] it can be rewritten as

_h )jl _ES(X)dx_Fi
h 3 h

]li(x)dm

X1 I X hI hI+1 X

_hxm ES(X)dX_&]‘
by i By o N

S(XE()

I % |

X=X

1+1 X

Using the simplest quadrature formulas to calculate the
integrals (10), we arrive at equation (6), which proves the
statement that the finite element method in its simplest
formulation coincides with the well-known Ritz method. In
what follows, by the finite element method we mean the
method of constructing coordinate functions of type (5) in
the implementation of the Ritz method.

So, let there be an operator equation

o? o?
= +
2 27
oX;  OX;
As is known, the problem of solving equation (11) is

equivalent to the problem of finding the minimum
functional

JU)=(AU,U)-2(U, f)=a(U,U)-2(U, f)
The solution to the last problem exists and is unique if it is
sought in space Hé(Q) functions quadratic ally

summable together with their first derivatives and vanish
on the boundary.

Functional minimum conditions J(U) we write in the
form of equality to zero of the Freshet differential
dlJ(U)]=(AU,9)-(9,f)=0

Thus, the problem of solving equation (11) is reduced to
finding the element U eV  such that a
U,9)=(f,9), geV

For example, (12), equation (13) has the form

i X141 ES (X)

1+1

Jdx— XIflw(xI

X

— {% ceCO@)U|, = o}

~g4~

dx,

(10)

~x)dx=0

1+1

AU = f

(11)

Where A — positive definite self-adjoint operator acting on
many functions [, given in the two-dimensional region

Q with border " Euclidean space R? for example

@2)
J‘gradU'gradeQ:J‘fde e HI(Q)
Q Q

Instead of an exact solution U we will look for a solution

h in some finite-dimensional subspaceV, eV . An
approximate problem is formulated as follows: find
U, €V, such that
a(Uh"gh):(f"gh) (13)
According to the finite element method, space V, is
constructed as follows. Let be h_ numerical parameter,
which we will tend to zero. We call triangulation 7, areas
of €2 its division into triangular subdomains.

Q=U.K,, K, ez,
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We assume that the diameter of any K, does not exceed

h, two different triangles either do not have common

points at all, or have one common vertex, or have one
common side.

Space V, for example (12) we define as the space of
functions having the following properties:

A) narrowing of any function 4, €V, to any triangle K,
is a polynomial not higher than the first;

B) 19h HEIpepbIBHA HA S_);

V) $ =0mual.

Consider a triangle K, the radius vectors of the vertices of
whichare @,,4d,,d,

If the values of some continuous in € the functions U  at
the tops are the essence U;,U,,U, then its interpolation

by a first order polynomial in K has the form:
Where the functions are A, ()?) called the barycentric

coordinates in the triangle K, and are determined from the
equations

X = 2,(X)a, + 4, (X)a, + A,(X)a,
1=2,(%)+ 2, (%) + 4;(X)

Combining the interpolations (14) of the function over all
triangles, we obtain a piecewise linear U (7() in the whole

area€2. So any function U, =V, is determined uniquely
by its value at the nodes-vertices of triangles and, therefore,
V, has finite dimension. N(h)— Total number of nodal
unknowns. The basis in this space is constructed as follows.
Let be {éi }IN: (1h)
lying on the boundary), and let Wi'h a function that is a

the set of all internal nodes (i.e., nodes not

polynomial not higher than the first in each of Ki besides
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Wi,h(aj>:5i,j’ i, i =
Thus, in each triangle three basic functions will be nonzero,
the values of which at each point X the triangle K; will
coincide with the barycentric coordinates of the point X in
this triangle.

Every function &, €V, can be represented as

N(h)

G, = i‘gh(ai)'wi,h()?)
i=1

And this view is unique.



