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Abstract 
In this paper, we use the Lambert W function to derive a solution third order dynamical systems of 

retarded type. As well as we discuss analytical stability through illustrative examples. 
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1. Introduction 

The Lambert W function grows in the modeling of phenomena in numerous fields of science 

and engineering. In physics, it is used for the purpose of quantum theory, plasma physics and 

solar physics and many other applications. (See, [6], [3] [7] and [4].) 

Many researchers’ works on the Lambert W function to obtain analytical solutions of delay 

differential equations (see, [8], [3], and [2]). Also, many researchers are concerned with 

studying the stability of delay differential equations besides studying their solutions their 

(see, [1], [8], [9], [5]) the infinite branches the Lambert W function are defined in the 

following series [3] 
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Where )(ln zk are the 
thk  logarithm branch and the coefficients imC  can be expressed in 

terms of nonnegative sterling numbers of first kind. 

The principal branch (i.e., k = 0) of the Lambert W function can be represented by the 

following power series 
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Where Cz [3].  
 

Theorem (1.1) [3]. For any given Rz , the principal branch (z)W0 of the Lambert W 

function defined by 
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2. )(0 zW Is complex valued and decreasing negative real 

part if )
1

,
2

(
e

z



 . 

3. )(0 zW  Is complex and purely imaginary parts if 

2


z . 

4. )(0 zW  Is complex valued with decreasing positive 

real part if )
2

,(


z . 

 

2. Solution of Retarded Dynamical Systems of Third 

Order and their stability  

Consider the following third order retarded dynamical 

system with constant coefficients  
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(2)  

With the initial delay condition  

.0)()(   t ,  -T tφty    

If we assume that 
2

12 3 ,3   aa  and
3

0 a , then 

equation (2) become    (3)  

We are concerned in finding the solution beside stability 

analysis for the equation (3) that’s a time delayT . 

Let λ  be a complex number and the solution of equation 

(3) be of the formula .)( λtety  Substituting 

λtety )(  in equation (3) gives    (4) 

 Which represents the transcendental characteristic equation 

of delay differential equation (3)? Multiplying both sides of 

equation (4) by  λTe yields 

b λTeαλ  3)(
.     (5) 

Taking the cubic root on both sides of equation (5) gives  
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Since, every function )(λW  which satisfies 

  )()( WeW  can be expressed in terms of the 

Lambert W  function [2]. Then the roots of the 

characteristic equation (4) can be found by writing equation 

(6) as follows:  
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Thus, the characteristic roots of equation (4) is  
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It is clear that the characteristic root λ  depends on of the 

parameters bα, T ,  (in terms of 12 , aa  and 0a ). Hence, 

the stability property of DDE (3) depends on those 

parameters. We have the general solution of the delay 

differential equation (3) as follows  
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Since, the solution )(ty  is equal to the initial delay 

condition )(t  for  0-T,t , and then we have 
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Now, we find the coefficients iK  by using the function 

)(t  as follows: 

The interval  0-T,  can be partitioned into 2M parts such 

that M is a sufficiently large positive integer number.  
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Then, we find the values of the initial delay function )(tφ  

at the endpoints of the above subintervals using (11) as 

follows
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We can write the above equations in matrix form as:  
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The coefficients iK  are given by  
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To find the initial delay function φ(t) , we assume that

-T,  tty  0)( , then  00 -T,t, y(t)  . Then the 

equation (3) gives the following third order ODE  
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We shall use the general solution of equation (13) to be the 

required initial delay function φ(t)  in  0 ,-T .  

 

3. Illustrative Examples  

Example (3.1): Consider the following third order DDE  
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By comparison with equation (3), we have 21  , αb  

and 1T . To consider the stability margin, we consider

10  , ty(t)  then ]01[0)1( ,-t,  t-y  . 

 

Hence the equation (14) becomes the third order ODE.  
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The general solution of equation (15) is given as  
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Assuming 1)1(0)0(   , y y   and 1)2(  y   yields 

521129119 .-,  B.A   and 0C . Hence the initial 

delay function of the equation (14) is  
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The general solution of third order DDE (14) is as follows  
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Where 
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K unknown constants and the characteristic roots 

are are given by equation (9) as 
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Case (1)  
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To find the coefficients 
i

K  we partition the interval  01,-  

into 2 subintervals as follows.  
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The above system can be written matrix form as follows 
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The characteristic roots   for the branches 
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From the above characteristic roots we note that
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Therefore the solution of the equation (14) is given as
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Therefore the solution of the equation (14) is given as  
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iλ  for the branches 
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From the above characteristic roots we note that

    ,0)Re( , then equation (14) is stable. 

 

Example (4.2): Consider the following third order DDE  

0   ),2(2)(27)(27)(9)(
2

2

3

3

 tt- ytyty
dt

d
ty

dt

d
ty

dt

d
   (18) 

]0,2[     ),()(  ttty   

We have -3 ,2  b  and 2T . To consider the 

stability margin, we consider 20)( -, tty   then

]02[0)2( ,-t,  t-y  . 

Therefore the equation (18) becomes the third order ODE.  

0)(27)(27)(9)(
2

2

3

3

 tyty
dt

d
ty

dt

d
ty

dt

d
  (19) 

  

The general solution of equation (19) is given as  
t eCBtAtt y 32 )()(      (20) 

  

Assuming that 1)50(0)0(  ., y y , and 2)1(  y   we 

get 7929069340 .,  B.A   and 0C . Hence the 

initial delay function of the equation (18) is  
t et.t.t 32 )7929069340()(    (21) 

  

The general solution of the third order DDE (18) by as 

follows by equation (10), we get  

 02
]3)3 2 2 

3
2(

2
3[

)( ,-,     t
i

t e 
i

 W
 eiKty 









 

Where 
i

K unknown constants and the characteristic roots 

are are given by equation (9) as 

3)3 2 2 
3
2

(   e 
i

W
i
    (19) 

  

Case (1)  

 02
]3))

2
3

2
1(3 2  2 

3
2(

2
3[

)( ,-,     t
i

tie 
i

 W
 eiKty 









, 3))
2
3

2
1

(3 2 2 
3
2

(
2
3

  ie 
i

 W
i
   

To find the coefficients 
i

K  we partition the interval  02,-  

in to subintervals as follows.  

  ]050[]501[]151[]512[02 ,,-,,--, -.-., -,-    

 

Then  

)0()0()0()0()0()0( 2211001122 yKyKyKyKyKφ  

 

)50()50()50()50()50()50( 2211001122 .yK.yK.yK.yK.yK.φ    

)1()1()1()1()1()1( 2211001122   yKyKyKyKyKφ
 

)51()51()51()51()51()51( 2211001122 .yK.yK.yK.yK.yK.φ    
)2()2()2()2()2(2( 2211001122   yKyKyKyKyK)φ   
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The above system can be written matrix form as follows:  






























































































2

1

0

1

2

21012

21012

21012

21

21

0

0

1

1

2

2

)2()2()2()2()2(

)51()51()51()51()51(

)1()1()1()1()1(

)50()50(

)0()0(

)50(

)0(

)50(

)0(

)50(

)0(

)2(

)51(
)1(

)50(

)0(

K

K

K

K

K

 

yyyyy

.y.y.y.y.y

yyyyy

.y.y

yy

.y

y

.y

y

.y

y

φ

.φ
φ

.φ

φ

-

-































































































)2(

)51(
)1(

)50(

)0(

)2()2()2()2()2(

)51()51()51()51()51(

)1()1()1()1()1(

)50()50(

)0()0(

)50(

)0(

)50(

)0(

)50(

)0(
1

21012

21012

21012

21

21

0

0

1

1

2

2

2

1

0

1

2

φ

.φ
φ

.φ

φ

yyyyy

.y.y.y.y.y

yyyyy

.y.y

yy

.y

y

.y

y

.y

y

K

K

K

K

K

-

-

 

 

 






















































0108.0

03050

07400

1271.0

01

03367310306273

02928530299791

02994710218444

878989613743

642256070012

7877491545

1

99992074924

8966262493

1

0005000200

0019000950

02548810141295

42136390445

02619040391391

02687910242642
00590045004450104141706104424165

0140021260

1

1799364241

1

9806442324

1

          

.

.

     -

ie+.+e+.-

i e+.-e+.

i e+.-e+.-

i . +.

i.+.

i  . - .-

i .-.

i  .+.-

              

i  .-.

i  .-.

i e+.+e+.-

i .-.

i  e+.-e+.-

i  e+.+e+.-
i    .-.i  .-.-i .+.-

i .-.i   .+.-i  .+.

 

 























i. + .-

i. + .-
i. - .-

i. + .

i. - .

0018000040

0178003310
0522003790

0325006760

0000000380

          

 

Therefore the solution of the equation (18) is given as  

 

ti. +.-
ei. + .-        

ti.+.-
ei.+ .-

ti.+.
ei.-.-         

ti. - .-
ei.+.

ti.-.-
ei.-.ty

)48871705904(
)0018000040(

)6316706953(
)0178003310(

)1313009203(
)0522003790(

)0951455012(
)0325006760(

)25561479263(
)0000000380()(





 

 The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows:  

i. + . ;   λ i 13130092030    

i. + .-;   λ i 63167069531    

i. - .-;   λ- i 09514550121    

i. +.-;   λ i 488717059042   

i. -.-;   λ- i 255614792632   

i. +.-;   λ i 075427659143    

i. -.-;   λ- i 892023483943    

 

From the above characteristic roots we note that 

0)Re(  for some    then the equation (18) is unstable 

[3]. 

 

 

Case (2)  

 02
]3)3 2 2  

3
2(

2
3[

)( ,-,     t
i

te 
i

 W
 eiKty 









 3)3 2 2  
3
2

(
2
3


 e 

i
 W

i


 
 































































































)2(

)51(
)1(

)50(

)0(

)2()2()2()2()2(

)51()51()51()51()51(

)1()1()1()1()1(

)50()50(

)0()0(

)50(

)0(

)50(

)0(

)50(

)0(
1

21012

21012

21012

21

21

0

0

1

1

2

2

2

1

0

1

2

φ

.φ
φ

.φ

φ

yyyyy

.y.y.y.y.y

yyyyy

.y.y

yy

.y

y

.y

y

.y

y

K

K

K

K

K

-

-
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




















































0108.0

03050

07400

1271.0

01

03785420348874

02234220277975

01760220303531

02264810231641

898169924819

8047613605

1

17833242890

0379498453

1

00370

01490

175766

201923

01760220303531

02264810231641
060501348817833242890

24590

1

85222

1

0379498453

1

         

.

.

     -

ie+.+e+.-

ie+.+e+.

i e+.-e+.-

i   e+.+e+.-

i .-.-

i   .+.-

i   .+.-

i    .+.

             

  .               

   .                 

 .              

.             

i   e+.+e+.  -

i   e+.-e+.-
   .                 .           i.-.-

.
             

.           

        

i     .-.

 
 

 























0.0009i + 0.0009

0.0041i - 0.0029-
0.0046i + 0.0498

0.0038i - 0.0415-

0.0025i + 0.0064-

          

  

Therefore the solution of the equation (18) is given as  

 

ti. +.-
 .e          

 i
ti.+.-

ei
t.

e

t.-
ei

ti.-.-
eity

)69802028614(

)0.0009 + 0.0009(
)98221047143(

)0.0041 - -0.0029(
)80592(

) 0.0046i +          

 0.0498(
)09622(

)0.0038 --0.0415(
)98221047143(

)0.0025 + -0.0064()(





 

 

The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows:  

805920 .  ;   λ i    
i. +.-;   λ i 982210471431    

096221 .   -;   λ- i    

i. +. -;   λ i 698020286142   
i. -.  -;   λ- i 982210471432   

i. +.-;   λ i 251330816243    
i. -.-;   λ- i 698020286143    

Since, there exists   such that  ,0)Re(   then the 

equation (18) is unstable [3] 

 

 

Case (3)  

 02
]3))

2
3  

2
1(3 2  2 

3
2(

2
3[

)( ,-,     t
i

tie 
i

 W
 eiKty 









 

3))
2
3

  
2
1

(3 2  2 
3
2

(
2
3

 ie 
i

 W
i
  
























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






















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










































)2(

)51(
)1(

)50(

)0(

)2()2()2()2()2(

)51()51()51()51()51(

)1()1()1()1()1(

)50()50(

)0()0(

)50(

)0(

)50(

)0(

)50(

)0(
1

21012

21012

21012
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21

0

0

1

1

2

2

2

1

0

1

2
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.φ
φ

.φ

φ

yyyyy

.y.y.y.y.y

yyyyy

.y.y

yy

.y

y

.y

y

.y

y

K

K

K

K

K

-

-






















































0108.0

03050

07400

1271.0

01

02619040391391

02687910242642

02548810141295

42136390445

06104424165

9806442324

1

44501041417

1799364241

1

0005000200

0019000950

02994710218444

878989613743

03367310306273

02928530299791
005900450099992074924642256070012

0140021260

1

8966262493

1

7877491545

1

          

.

.

     -

ie+.+e+.-

ie+.- e+.-

ie+.-e+.-

i.+.

i.-.-

i.-.

i.+.-

i.-.-

               

i.+.

i.+.

ie+.+e+.-

i.-.

ie+.-e+. -
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i   .+.i.+.i.-.
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





















0.0005i - 0.0000

0.0000i + 0.0000-
0.0017i - 0.0006

0.0022i + 0.0006-

0.0000i - 0.0000

           

 

Therefore the solution of the equation (18) is given as 

 

ti. +.-
ei          

ti.+.-
ei

ti.-.
ei          

ti.-.-
ei

ti.-.-
eity

)25561479263(
)0.0005 - 0.0000(

)0951455012(
)0.0000 + -0.0000(

)1313009203(
)0.0017 - 0.0006(

)6316706953(
)0.0022 + -0.0006(

)48871705904(
)0.0000 - 0.0000()(





 
 

 

The characteristic roots λ  for the branches 

,, , ,  i 3210   are as follows: 

i. - . ;   λ i 13130092030    

i. + . -;   λ i 09514550121    

i. - . -;   λ- i 63167069531    

i. +. -;   λ i 255614792632   

i. -.  -;   λ- i 488717059042   

i. +.  -;   λ i 892023483943    

i. -. -;   λ- i 075427659143   
 

Since, there exists   such that  ,0)Re(   then the 

equation (18) is unstable [3]. 
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