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Abstract
In this paper, we use the Lambert W function to derive a solution third order dynamical systems of
retarded type. As well as we discuss analytical stability through illustrative examples.
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1. Introduction

The Lambert W function grows in the modeling of phenomena in numerous fields of science
and engineering. In physics, it is used for the purpose of quantum theory, plasma physics and
solar physics and many other applications. (See, [6], [3] [7] and [4].)

Many researchers’ works on the Lambert W function to obtain analytical solutions of delay
differential equations (see, [8], [3], and [2]). Also, many researchers are concerned with
studying the stability of delay differential equations besides studying their solutions their
(see, [1], 81, [9], [5]) the infinite branches the Lambert W function are defined in the
following series [3]

W, (2)=In, (2) — In(In, (2)) + 3" 3", LN (2))7 O
i—0 m=1 (In, (2))
Where In, (z)are the k™ logarithm branch and the coefficients C. = can be expressed in

terms of nonnegative sterling numbers of first kind.
The principal branch (i.e., k = 0) of the Lambert W function can be represented by the
following power series

© -n n-1 .
w,@)=3 0

~
Where Z € C[3].

Theorem (1.1) [3]. For any given Z € R, the principal branch WO(Z) of the Lambert W
function defined by

-1
where z> —
e

X, VX =-1,
W, (2) =

-ycotgy+iy, Vye(0,n) wherez <_E1

Have the following properties:

-1
1. W,(z) Isreal and increasing if Z € (— ,).
e
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2. W, (2) 1s complex valued and decreasing negative real
partifZe(i,;l).
2 e
3. W, (z) Is complex and purely imaginary parts if
— T
z=—+
2
4. W, (2) 1s complex valued with decreasing positive
real part if 7 < (—o0, — 7).
2
2. Solution of Retarded Dynamical Systems of Third

Order and their stability
Consider the following third order retarded dynamical
system with constant coefficients

3
Ly +a, —y(t)+a S y0+ay®-bye-) @
dt®

With the |n|t|al delay condition

yt) =), -T <t < 0.

If we assume that &, =3, &, =3a’ anda, =a’, then
equation (2) become 3

We are concerned in finding the solution beside stability
analysis for the equation (3) that’s a time delay T .
Let 4 be a complex number and the solution of equation

(3) be of the formula y(t) = e/t

y(t) = ej‘t in equation (3) gives (4)

Which represents the transcendental characteristic equation
of delay differential equation (3)? Multiplying both sides of
equation (4) by eiT
(G+a)e’l =p -

Taking the cubic root on both sides of equation (5) gives

. Substituting

yields

AT
(A+a)e 3 =§/B_ (6)
Since, every function W(A)  which satisfies
W(A)eV™ =1 can be expressed in terms of the
Lambert W function [2]. Then the roots of the

characteristic equation (4) can be found by writing equation
(6) as follows:

T Ta, (19 1 T2

a
(— ?) =—e3 3. @
Then

T 330 TA T
W(e 3 3b)=-2+7 ©

3 3 3
Thus, the characteristic roots of equation (4) is

T

Az%W(%e3a%)—a ©)

It is clear that the characteristic root A depends on of the
parameters a, 7',b (in terms of a,, &, anda,). Hence,

the stability property of DDE (3) depends on those
parameters. We have the general solution of the delay
differential equation (3) as follows

© At
Y(t)=i=§wKi e!

Ly
[3wi (% e3 Ib)—alt

z K; , telT0]
I——oo

Since, the solution Y(t) is equal to the initial delay
condition ¢(t) fort  [-T,0], and then we have

(10)

La
0 [%wi (% e3 Ib)—alt
pt)=_ 3% K;e :
|=—00
Now, we find the coefficients K, by using the function
#(t) as follows:

The interval [-T, 0] can be partitioned into 2M parts such
that M is a sufficiently large positive integer number.

te[-To] (A1)

T 2T
[-T,0]=[-T, T+—]U[T R T+ —] [T+ PR T+—]u V)
-T
[ZM g

Then, we find the values of the initial delay function ¢(t)

at the endpoints of the above subintervals using (11) as
follows

0(0) = K_M Y_M ) +--+ K_]_Y_l(o) + KoYO (0) + Kly]_(o) Tt KM YMm (0)
PO =+ K g Y g G4+ K gy G+ Koyg G0+ Kyyy o)+

-T
KM YM (W)

p(=T) ="+ K—M Y_m (=T)+:+ K_]_Y_l(_T) + Koyo (-T)+ Klyl(_T) o

+Kp Ym 1)
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We can write the above equations in matrix form as:
»(0) Y_m (O =oym O K_um

-T -T
(ﬂ(m) _|1Y-m (m) yM( ) K?MJrl
o(-T) | |y D yM 1) |LKm
o(T,M) =Y (T,M) K(M).
Thus
K(M) =Y LT, M)p(T, M)).
The coefficients K, are given by

Ki = Jim (v 7T M)o(T, M)); (12)

To find the initial delay function@(?), we assume that
y(t) =0, t<-T, theny(t) =0, Vt € [-T,0]. Then the
equation (3) gives the following third order ODE
d3 d2 5 d 3
V(O + 30— y() +3a° (O +a Y0 =0, t>0(13)
dt?

We shall use the general solution of equation (13) to be the
required initial delay function @(¢) in[-T,0].

3. Hlustrative Examples
Example (3.1): Consider the following third order DDE

a3 d2

3 y(t)+6d y(t)+12d y(t) +8y(t) = y(t-1), t>0 (14)

yt)=4¢(), te[-10]
By comparison with equation (3), we have b=1, a=2
andT =1. To consider the stability margin, we consider

y(©)=0, t <1 then y(t-1) =0, Vte[-10].

Hence the equation (14) becomes the third order ODE.

d3 d? d
= y(t)+6d 5 YO +12-y() +8y(®) = 0 (15)

The general solution of equation (15) is given as
y®)=(At2 + Bt + C)e & (16)

Assuming Y(0)= 0,y()=1 and y(2)= 1 yields
A=1991 B=-12521 andC =0. Hence the initial
delay function of the equation (14) is

1
52.7282+71313
2.7294e+03+75204e+02i

0

305481
2396345

14377
20671 2.7294e+03-75204e+02i

o ) =(1991t2 —12521t)e 2!t e[-10] (17)

The general solution of third order DDE (14) is as follows

2
[3w; X e331)-2]t
y(t) = E K.e '3 ., te[10] (18)
i=o0 |
Where Ki unknown constants and the characteristic roots

are are given by equation (9) as

A=3W; (5 e331) -2 (19)

Case (1)
2
[3w; (% e3) —2]t

y) = 3 K, e t e[-10]
i=—oo

2
_ 1.3
A, =3W; (3 e3)-2

To find the coefficients Ki we partition the interval [—1,0]
into 2 subintervals as follows.
[-1,0]=[-1,-0.5] U[-0.5,0]

Then
»(0)=K_,y_,(0)+K,y,(0) + Ky, (0)
p(-05) =K,y ,(-05)+K,Y,(-05)+ K.y, (-05)

p(-D =K,y ,(-D)+Kyy,(-) + K.y, (-1

The above system can be written matrix form as follows

) y.(0) ¥, (0) y,(0) || K,
9(-05) =] y1(-05) y,(-05) v,(-05)|| K,
L o(=1) ya(-) v, vi(-D || K,

K y.0) v,  v,(0) T (0
Ko |=| Y1 (-05) y,(-05) y,(-05)| |¢(-05)
K YD) VoD i) | | o=

1
52.7282-71313
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Therefore the solution of the equation (14) is given as

y(t) = (05560+ 18570i) e

+ (05560 —18570i

The characteristic roots A  for the

i=0, 1, +2, +3, areas follows:
i=0; A= -0.7261

i=1;, A= -79484+128352
i=-1, 1=-79484-128352
i=2; A=-105183+322111
i=-2; 1=-105183-322111

(-79484128352)t . 19150 - 00000i) e
)e(-7.9484+12.8352')t

-11120- 0.0000i

05560+ 18570
05560-18570i

(-0.726Dt

branches Case (2)

0

2
3w, (Le3(1 33 )2y
y(t):i_g Kie 2 2

te [-1,0] ,

2.1 3

_ 1.3 3.
ﬂI—MI (ge (?+7|))—2

=3 1=-118656+512659 K, y.0) v, (0  y,0) T (0
i=-3; 1= -118656-512659 K, |=|y,(-05) y,(-05) y,(-05)| |¢(-05)
Kl

-1 -1 -1 -1
From the above characteristic roots we note that (D Yo (=) V(1) v (=)

Re(1) <0, VA, then equation (14) is stable.

1 1 1 -
= -196762+14878 1520319907 -905067H24.0569
38494e+002-5854%+001i -16514-60531 7.6127e+003-4.3546e+003
0
305481
2396345
K| [ -18423- 04647
K0 = 02245+ 00485
Kl 0.0092 + 0.0064i
Therefore the solution of the equation (14) is given as
y(t) = (-18423 - 0.4647i)e(">9645-61322)L (554540 04gsi)e(-18365+18371Nt
(00092+0.0064i)e(~20791+19.3691i)t
The characteristic roots A  for the branches Case (3)
! =0, £1, £2, £3,areas fol_lows: . [W; (%eﬁ(;l _ ﬁi) ) - 2]t
i=0; A= -18365+ 18371 y= T Ke 2 2 . te[10],
i=1; 1=-90791+19369] =m0 f
P — _ 21 3.
i=2; A=-110383+385795 B
i=-2: 1=-98866—258140 1 y_1(0) Yo (0) y;(0) »(0)

o |=| Y4 (=05) Yy,(-03) y,(-05)| | ¢(-05)

1=3; 1= -122066+575933
1 ya=D) o YD) v (=D p(=1)

1=-3; A= -114806-449292

X X AN~

Since Re(4) <0, VA, then equation (14) is stable.
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1 1 1 -1
= -905067-24.0569 15203+1.9907 -196762-14874
76127e+003+435462+003 -16514+6053T 38494e+002+5854%+001i
0
305481
2396345

0.0092- 0.0064i

17503- 04012

-18423+ 04647

Therefore the solution of the equation (14) is given as

y(t) = (00092 - 0.0064i)e

+(-18423 + 0.4647i)e

The 4, for
i=0, £1, +2, £3, are as follows:
i=0; A= -18365-18371

i=1, A=-59645+ 61323
i=-1, 1=-9.0791-19.3691
i=2; 1=-98866+258140
i=-2; 1=-110383-385795
i=3; A= -114806+449292
1=-3; 1=-122066-575933

characteristic  roots the

branches

From the above characteristic roots we note that
Re(1) <0, VA, then equation (14) is stable.

Example (4.2): Consider the following third order DDE

d? d? d
e —y(t)-9 d—zy()+27&y(t)—27y(t)=—2y(t-2), t>0 (18)
y(t)=¢(), te[-2,0]

We have b=—-2,a=-3 andT = 2. To consider the
stability margin, we consider Y(t)=0,t<-2 then
y(t-2) =0, Vte[-20].

Therefore the equation (18) becomes the third order ODE.

d’ d” d _ 0 (19
e y(t) — 9OI - y(t) +27 i y(t) — 27y(t) = 0 (19)

The general solution of equation (19) is given as

y(t)=(At> + Bt +C) e* (20)

(-9.0791 -19.3691i)t

(-5.9645+61322i)t

Assuming that Y(0) = 0,y(05) =1, and y(1)= 2 we
get A=-06934, B=0.7929 andC =0. Hence the
initial delay function of the equation (18) is

o(t) = (~0.69342 +0792%) &* 1)

The general solution of the third order DDE (18) by as
follows by equation (10), we get

3w (20-23
W, (e 28/-2 )+3]t’ e l20]

o0

yty=_ % Kje

I=—o0
Where Ki unknown constants and the characteristic roots
are are given by equation (9) as

A =W, (%e_2 I2) +3 (19)

Case (1)

B w, (Ze2 g’@(%+§i))+3]t

y(t)— Z K;e? te[-20]

A= gw Ge 2925 ‘/_u))+3
To find the coefficients Ki we partition the interval [—2,0]

in to subintervals as follows.

[-2.0]=[-2, -15] U[-15, 1] U[-1,-05] U[-05,0]

Then

9(0) =K,y ,(0)+ Ky, (0) +K,Y,(0) + K, Y, (0) + K, ¥, (0)

@(-05) = K_,y_,(-05) + K,y (-05) + K, Y, (-05) + Ky, (-05) + K, y, (-0.5)
() =KLy ,(-D+K,y,(-)+Kyy,(-D + Ky, (D) + K, y, (1)
§0(_l-5) = K—z y—z (_1-5) + K—ly—l (_15) + Ko yo (_1-5) + K1y1(_1-5) + Kz yz (_1-5)
P(—2)=KLy ,(-2)+ K,y (-2) + Ky, (-2) + K.y, (-2) + K, y,(-2)
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The above system can be written matrix form as follows:

i B O I I Y (1) B T ) R A () A (VR () 0
o0 1 (10 V.0 %O w0 wO k] |ce| | e S WS el
K, | |Y2(-05) y4(=05) Y,(=05) ¥;(-05) y,(-05)| |¢(-05)
p(-05)| | Yo(-05) y,(-05) Yy,(-05) y,(-08) Y,(-09)||K, _ (1) (1) ) v v, _
K, =] Y- Y Yo Y, p(-1)
GV o Y o Y o N 7Y o R VI A o R 1 P R X 15 ey v ()| |o-15)
_1.5) _ . . K 1 yfz(‘-) y71(") yo( ) ( ) yz(‘-) ’
ol R I Al R B T B I P O P P | P
R I G B G B A G B I A G B | O ! : S
I 1 1 1
4.4232+49806i -1.6424+31799 0.2126-0.0140
= -52416+440610i -74141104450 0.0450-0.0059
-2.4264e+02+1.687%+02i 453904-6.4213 0.0095-0.0019
1913%+03-46190+02i  -5412%+01+1548&+02i  0.0020-0.0005
1 1 7 0 ]
-3.6249+2.8966 -59154- 47877 —0.1271
4.7492-209999 12.0700+56.6422 —0.0740
436137 +898789 1997%+02-39285%+02i 00305
-41844e+02-19947e+02i  -3.0627e+03+1367%+03i | |—0.0108
[ 0.0038- 0.0000 |
00676+ 0.0325
=| -0.0379- 00522
-0.0331+ 00178
-0.0004+ 00018
Therefore the solution of the equation (18) is given as
y(t) = (00038-00000)e("3-7926142556)t | 676+00325)e("22501- 40950)t |
(-00379-00522)e(30920+0131)t | 50334 00176)e(30695+76316)t |
(-00004+ 00018 )e("40590+17.4887)t
The characteristic roots A  for the branches Case (2)
i=0, £1, £2, £3, are as follows: o [3 W, (52 e=292)+3]t
i=0: 2= 30920+ 01313 yt)y= 3 Kje2 1°3 . tel-20]
i=1 2=-30695+ 76316 R 23
i=-1; 1=-25501- 40951 e =7 W, (5 e J2)+3
i=2; 1=-40590+17.4887
A K] [0 GO %O wO %O [T w0 ]
o aea0.933090 Ky| [V2(-08) Y4(-05) y,(-05) ¥,(-05) y,(-05)| | p(-05)
=9 A= Ky =] V20D Va0 %D %D (- || o(-1)
From the above characteristic roots we note that Ky y—z(_15) y—i(_15) yo(_l'5) ( 9) yz(_1'5) (p(—l.5)
Re(4) > Ofor some A then the equation (18) is unstable Kl [ v, vu(2 %(-2  w(-2) y,(-2) | 9(-2)

3].
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1

3984540379

-0.4289-321783
-1.3164e+02-1.2648:+02i

-1.0353+03+2.7602+01

1
39845+4.0379

-0.4289+321783
-1.3164e+02+1.2648+02i

-1.0353+03-2.7602=+01i

Therefore the solution of the equation (18) is given as

y(t) = (-0.0064 + 0.0025i)e

+0.0046i )e(28059)t
(-4.2861 +20.6980i)t

The characteristic roots 4 for the branches Case (3) 5 , N
g 3 2.9 13
!_O’ +1, £2, £3, are as follows: y(t) = § K; e[z Wi (3e ‘/5(2 2 '))+3]t, te[—2,0]
i=0; 1= 28059 i=—o0
i=1, 1=-34714+109824
i—1 i= -20962 2 =3w Ze? 2¢-Liy+s
i=2; A= -42861+206980 o r i
s . g K,] | v20  v:0 %0 %0 y,0 0(0)
i=-2; 1= -34714-109823 05 05 05 05 05
|:3; 1 =-48162+302513 K_1 yfz(_ ) yfl(_ ) yo(_ ) yl(_ ) yz(_ ) (0(—0.5)
T O G Y G 71 o VI A G V R A G VR B T G
i=-3; 1=-4.2861-20.6980 K 15 T T 15 15| [ o(-15)
Since, there exists A such that Re(1) >0, then the Kl Vo1 Y41 (L9 (1) (L) )
equation (18) is unstable [3] K] [ Va2 v4D (D w2 y(2) | L)
1 1 1
-59154+4.78771 -3.6249-28964 0.2126+0.0140G
= 12.0700-56.6422 474924209999 0.0450+0.0059
1997%+02+3.928%+02i 436137-898789 0.0095+0.0019
-3.0627e+03-1.3673F+03i -41844e+02+1.9947e+02i 0.0020+0.0005
1 1 Ar 0
-16424-31799 44232-49806i —0.1271
-74141104450 -5.2416-440610 —0.0740
453904+6.4213 -2.4264e+02- 1.687%+02i —0.0305
-5412%4+01-15488+02i -1913%+03+4.6190=+02i | —0.0108]

=| 0.0498+ 0.0046i

(-3.4714-10.9822i)t

+(-0.0029 - 0.0041i)e

1 1

28522 0.2459

81348 0.0605

232019 00149

661757 0.0037
1 1T o 7
-51360+6.8047i ~0.1271
199248698981 —0.0740
5.7797e+02+2.2342+02i | | _ 00305
-4.4887e+03+2.7854e+03i | | _0.0108

-0.0064+0.00251]
-0.0415-0.0038i

-0.0029-0.0041i
0.0009+0.0009i

+(-0.0415 - 0.0038i)e{"20962)t
(-34714+10.9822i)t

+(0.0498
+(0.0009 + 0.0009i)
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Therefore the solution of the equation (18) is given as

The

y(t) = (0.0000- 0.0000)e
(0.0006-0.0017)e
(0.0000-0.0005)e

characteristic roots A for the branches

i=0, 1, +£2, +3, are as follows:
i=0; A= 30920-01313
i=1, A= -25501+ 40951

-1; A= -30695- 76316

2; A= -37926+14.2556G
-2; A= -40590-174887
3, A= -44839+238920

i=-3; 1= -46591-270754

Since, there exists A such that Re(4) > 0, then the
equation (18) is unstable [3].

References

1.

D. Bandopadhya, A Lambert W Function Approach for
Solution of Delay Response of an Active Actuator via
Pseudo-Rigid Body Modeling Technique, International
Journal of Research in Mathematics (IJJRM), Vol. 1,
No. (2013).

F.M. Asl and A.G. Ulsoy, Analysis of a System of
Linear Delay Differential Equations, Journal of
Dynamic Systems, Measurement, and Control, Vol.
125, 215-223, (2003).

Jadlovska, Application of Lambert W Function in
Oscillation  Theory, Acta  Electrotechnica et
Informatica, Vol. 14, No. 1, 9-17, (2014).

Mezo and G. Keady, Some Physical Applications of
Generalized Lambert Functions, arxiv: 1505. 01555v2
[math.ca], (2015).

M.S. LEE and C.S. HSU, on the 7 -Decomposition
Method of Stability Analysis for Retarded Dynamical
Systems, Siam j. Control, Vol. 7, No.2, 242-259,
(1969).

P.B. Brito, F. Fabiao, and A. Staubyn, Euler, Lambert,
and the Lambert W Function Today, Applied
Probability Trust, (2008).

R.M. Corless, G.H. Gonnet, D.E.G. Hare, D.J. Jeffrey
and D.E. Knuth, On the Lambert W Function,
Advances in Computational Mathematics, Vol 5, 329-
359, (1996).

S-T. Chena, S-P Hsu, H-N Huang and B-Y Yang,
Time Response of a Scalar Dynamical System with
Multiple Delays via Lambert W Functions",
arXiv:1609.02034v2 [math.DS] 4 Oct (2016).

~112~

[ 0.0000-0.0000i |

-0.0006+0.0022i

0.0006-0.0017i
-0.0000+ 0.0000i

0.0000-0.0005i

+(-0.0000+ 0.000G)e
(-37926 +14.2556)t

(-40590174887)t | 4 0006+ 0.0022)e(3069576316)t
(30920-01313)t

(-25501+4095T)t

S.S Sujitha and D. Piriadarshani, A Lambert W
Function an Approach for Solution of Second Order
Delay Differential Equation as a Special Case of the
One- Mass System Controlled Over the Network,
International Journal of Mechanical Engineering and
Technology, Vol.8, No. 10, 502-511, (2017).



